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THE WEIGHTED MONGE-AMPE`RE ENERGY OF
QUASIPLURISUBHARMONIC FUNCTIONS
VINCENT GUEDJ & AHMED ZERIAHI
Abstract. We study degenerate complex Monge-Ampe`re equations on
a compact Ka¨hler manifold (X,ω). We show that the complex Monge-
Ampe`re operator (ω + ddc·)n is well-defined on the class E(X,ω) of
ω-plurisubharmonic functions with finite weighted Monge-Ampe`re en-
ergy. The class E(X,ω) is the largest class of ω-psh functions on which
the Monge-Ampe`re operator is well-defined and the comparison princi-
ple is valid. It contains several functions whose gradient is not square
integrable. We give a complete description of the range of the operator
(ω + ddc·)n on E(X,ω), as well as on some of its subclasses.
We also study uniqueness properties, extending Calabi’s result to this
unbounded and degenerate situation, and we give applications to com-
plex dynamics and to the existence of singular Ka¨hler-Einstein metrics.
2000 Mathematics Subject Classification: 32H50, 58F23, 58F15.
Introduction
Let X be a compact connected Ka¨hler manifold of complex dimension
n ∈ N∗. Let ω be a Ka¨hler form on X. Given µ a positive Radon measure on
X such that µ(X) =
∫
X ω
n, we study the complex Monge-Ampe`re equation
(MA)µ (ω + dd
cϕ)n = µ,
where ϕ, the unknown function, is such that ωϕ := ω + dd
cϕ is a positive
current. Such functions are called ω-plurisubharmonic (ω-psh for short).
We refer the reader to [GZ 1] for basic properties of the set PSH(X,ω) of
all such functions. Here d = ∂ + ∂ and dc = 12ipi (∂ − ∂).
Complex Monge-Ampe`re equations have been studied by several authors
over the last fifty years, in connection with questions from Ka¨hler geometry
and complex dynamics (see [A], [Y], [T], [K 1,2], [DP], [S], [EGZ] for refer-
ences). The first and cornerstone result is due to S.T.Yau who proved [Y]
that (MA)µ admits a solution ϕ ∈ PSH(X,ω)∩C∞(X) when µ = fωn is a
smooth volume form.
Motivated by applications towards complex dynamics, we need here to
consider measures µ which are quite singular, whence to deal with singular ω-
psh functions ϕ. We introduce and study a class E(X,ω) of ω-psh functions
for which the complex Monge-Ampe`re operator (ω + ddcϕ)n is well-defined
(see Definition 1.1): following E.Bedford and A.Taylor [BT 4] we show that
the operator (ω + ddcϕ)n is well defined in X \ (ϕ = −∞) for all functions
ϕ ∈ PSH(X,ω); the class E(X,ω) is the set of functions ϕ ∈ PSH(X,ω)
such that (ω + ddcϕ)n has full mass
∫
X ω
n in X \ (ϕ = −∞). When n =
dimCX = 1, this is precisely the subclass of functions ϕ ∈ PSH(X,ω)
whose Laplacian does not charge polar sets. It is striking that the class
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E(X,ω) contains many functions whose gradient is not square integrable,
hence several results to follow have no local analogue (compare [Bl 2,3]).
One of our main results gives a complete characterization of the range of
the complex Monge-Ampe`re operator on the class E(X,ω).
Theorem A. There exists ϕ ∈ E(X,ω) such that µ = (ω + ddcϕ)n if and
only if µ does not charge pluripolar sets.
An important tool we use is the comparison principle that we establish
in section 1: we show that E(X,ω) is the largest class of ω-psh functions on
which the complex Monge-Ampe`re operator (ω + ddc·)n is well defined and
the comparison principle is valid. Another crucial tool for our study is the
notion of weighted Monge-Ampe`re energy, defined as
Eχ(ϕ) :=
∫
X
(−χ) ◦ ϕ (ω + ddcϕ)n,
where χ : R− → R− is an increasing function such that χ(−∞) = −∞. The
properties of this energy are quite different whether the weight χ is convex
(χ ∈ W−) or concave (χ ∈ W+). We show (Proposition 2.2) that
E(X,ω) =
⋃
χ∈W−
Eχ(X,ω),
where Eχ(X,ω) denotes the class of functions ϕ ∈ E(X,ω) such that χ(ϕ−
supX ϕ) ∈ L1((ω + ddcϕ)n). At the other extreme, we show (Proposition
3.1) that
PSH(X,ω) ∩ L∞(X) =
⋂
χ∈W+
Eχ(X,ω).
The function χ(t) = t is – up to multiplicative constant – the unique
weight in W− ∩W+. We let
E1(X,ω) := {ϕ ∈ E(X,ω) /ϕ ∈ L1((ω + ddcϕ)n)}
denote the class Eχ(X,ω) for χ(t) = t. When n = dimCX = 1, this is
the classical class of quasi-subharmonic functions of finite energy. It de-
serves special attention both for the theory and the applications. Indeed
all functions ϕ ∈ E1(X,ω) have gradient in L2(ωn), while the gradient of
most functions in Eχ(X,ω), χ ∈ W− \ W+, does not belong to L2(ωn) (see
Example 2.14), in contrast with the local theory [Bl 2,3].
We obtain the following extension of Calabi’s uniqueness result [Ca].
Theorem B. Assume (ω + ddcϕ)n ≡ (ω + ddcψ)n with ϕ ∈ E(X,ω) and
ψ ∈ E1(X,ω). Then ϕ− ψ is constant.
It is an interesting open question to prove uniqueness of solutions as above
in the larger class E(X,ω).
We also study the range of the Monge-Ampe`re operator on subclasses
Eχ(X,ω), when χ(t) = −(−t)p, p > 0, letting
Ep(X,ω) := {ϕ ∈ E(X,ω) /ϕ ∈ Lp((ω + ddcϕ)n)}
denote the corresponding class Eχ(X,ω).
Theorem C. There exists ϕ ∈ Ep(X,ω) such that µ = (ω + ddcϕ)n if and
only if Ep(X,ω) ⊂ Lp(µ).
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This result also holds for quasihomogeneous weights (see Lemma 3.9). It
was obtained in a local context by U.Cegrell [Ce 1] when p ≥ 1.
On our way to prove Theorems A,B,C, we establish several intermediate
results (the class E(X,ω) is convex, weighted Monge-Ampe`re operators are
continuous under decreasing sequences, etc) most of which are valid when
ω is merely a positive closed (1, 1)-current with bounded potentials. This is
motivated by applications towards complex dynamics and complex differen-
tial geometry, as we briefly indicate in section 5.
This article is an expanded version of our previous preprint [GZ 2].
Acknowledgement. We are grateful to the referee for his careful reading
and for his suggestions which helped to clarify the exposition.
1. The class E(X,ω)
In the sequel X is a compact Ka¨hler manifold of dimension n, and ω is a
positive closed (1, 1)-current with bounded potentials, such that
∫
X ω
n > 0.
We let PSH(X,ω) = {ϕ ∈ L1(X) /ϕ is u.s.c. and ddcϕ ≥ −ω} denote the
set of ω-plurisubharmonic functions (ω-psh for short) which was introduced
and studied in [GZ 1].
1.1. Defining the complex Monge-Ampe`re operator. It follows from
their plurifine properties that if u, v are bounded plurisubharmonic functions
in some open subset D of Cn, then
(1) 1{u>v}[dd
cu]n = 1{u>v}[dd
cmax(u, v)]n
in the sense of Borel measures in D (see [BT 4]).
Let ϕ be some unbounded ω-psh function on X and consider ϕj :=
max(ϕ,−j) ∈ PSH(X,ω) the canonical approximation of ϕ by bounded
ω-psh functions. This is a decreasing sequence such that, by (1),
1{ϕj>−k}[ω + dd
cϕj ]
n = 1{ϕj>−k}[ω + dd
cmax(ϕj ,−k)]n.
Now if j ≥ k, then (ϕj > −k) = (ϕ > −k) and max(ϕj ,−k) = ϕk, thus
(2) 1{ϕ>−k}[ω + dd
cϕj ]
n = 1{ϕ>−k}[ω + dd
cϕk]
n.
Observe also that (ϕ > −k) ⊂ (ϕ > −j), therefore
j ≥ k =⇒ 1{ϕ>−j}[ω + ddcϕj ]n ≥ 1{ϕ>−k}[ω + ddcϕk]n,
in the weak sense of Borel measures. Since the total mass of the measures
1{ϕ>−j}[ω + dd
cϕj ]
n is uniformly bounded from above by
∫
X ω
n, by Stokes
theorem, we can define
µϕ := lim
j→+∞
1{ϕ>−j}[ω + dd
cϕj ]
n.
This is a positive Borel measure which is precisely the non-pluripolar part
of (ω + ddcϕ)n, as considered in a local context by E.Bedford and A.Taylor
in [BT 4]. Its total mass µϕ(X) can take any value in [0,
∫
X ω
n].
Definition 1.1. We set
E(X,ω) := {ϕ ∈ PSH(X,ω) /µϕ(X) =
∫
X
ωn}.
An alternative definition is given by the following observation:
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Lemma 1.2. Let (sj) be any sequence of real numbers converging to +∞,
such that sj ≤ j for all j ∈ N. The following conditions are equivalent:
(a) ϕ ∈ E(X,ω);
(b) (ω + ddcϕj)
n(ϕ ≤ −j)→ 0;
(c) (ω + ddcϕj)
n(ϕ ≤ −sj)→ 0,
where ϕj := max(ϕ,−j) denotes the canonical approximation.
Proof. By definition of µϕ, we have
µϕ(X) =
∫
X
ωn − lim
j→+∞
(ω + ddcϕj)
n(ϕ ≤ −j),
hence (a) is equivalent to (b). It follows from (2) (with k = sj) that
(ω + ddcϕj)
n(ϕ ≤ −sj) = (ω + ddcϕsj)n(ϕ ≤ −sj),
since sj ≤ j. This shows that (b) is equivalent to (c). 
WhenX is a compact Riemann surface (n = dimCX = 1), the set E(X,ω)
is the set of ω-subharmonic functions whose Laplacian does not charge polar
sets. It follows from the above discussion that any ω-psh function has a well
defined complex Monge-Ampe`re operator (ω+ddcϕ)n in X \(ϕ = −∞), and
µϕ is the trivial extension of (ω + dd
cϕ)n through (ϕ = −∞). A function
ϕ belongs to E(X,ω) precisely when its complex Monge-Ampe`re has total
mass
∫
X ω
n in X \ (ϕ = −∞), hence it is natural to use the notation
(ω + ddcϕ)n := µϕ = lim
j→+∞
1{ϕ>−j}[ω + dd
cϕj ]
n,
for ϕ ∈ E(X,ω).
Theorem 1.3. Let ϕ ∈ E(X,ω). Then for all bounded Borel function b,
(3) 〈(ω + ddcϕ)n, b〉 = lim
j→+∞
〈(ω + ddcϕj)n, b〉,
where ϕj := max(ϕ,−j) is the canonical approximation of ϕ.
In particular (ω + ddcϕ)n puts no mass on pluripolar sets, and
(4) 1{ϕ>−j}(ω + dd
cϕ)n(B) = 1{ϕ>−j}(ω + dd
cϕj)
n(B)
for all Borel subsets B ⊂ X.
Let us emphasize that the convergence in (3) implies – but is much
stronger than – the convergence in the weak sense of positive Borel measures,
(ω + ddcϕj)
n −→ (ω + ddcϕ)n.
Several results to follow are a consequence of fact (3): the complex Monge-
Ampe`re measure (ω+ ddcϕ)n of a function ϕ ∈ E(X,ω) is very well approx-
imated by the Monge-Ampe`re measures (ω + ddcϕj)
n.
Note also that the complex Monge-Ampe`re operator (ω + ddcϕ)n is thus
well defined for functions ϕ ∈ E(X,ω), although these functions need not
have gradient in L2(X) (see Theorem 1.9 and Example 2.14). This is in
contrast with the local theory [Bl 2,3].
Proof. Recall that ϕ ∈ E(X,ω) if and only if (ω + ddcϕj)n(ϕ ≤ −j) → 0,
where ϕj := max(ϕ,−j). We infer that for all Borel subset B ⊂ X,
(ω + ddcϕ)n(B) := lim
j→+∞
∫
B∩(ϕ>−j)
(ω + ddcϕj)
n = lim
j→+∞
∫
B
(ω + ddcϕj)
n.
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This yields (3), by using Lebesgue dominated convergence theorem.
Since (ω+ddcϕj)
n does not charge any pluripolar set B, the same property
holds for (ω + ddcϕ)n. Equality (4) now follows from (2) and (3). 
Since (ω+ddcϕ)n does not charge the pluripolar set (ϕ = −∞) when ϕ ∈
E(X,ω), one can construct a continuous increasing function h : R+ → R+
such that h(+∞) = +∞ and h ◦ |ϕ| ∈ L1((ω + ddcϕ)n). This motivates the
following result.
Proposition 1.4. Fix ϕ ∈ E(X,ω) and let h : R+ → R+ be a continuous
increasing function such that h(+∞) = +∞. Then∫
X
h ◦ |ϕ|(ω + ddcϕ)n < +∞⇐⇒ sup
j≥0
∫
X
h ◦ |ϕj |(ω + ddcϕj)n < +∞,
where ϕj := max(ϕ,−j).
Moreover if this condition holds, then for all Borel subset B ⊂ X,
(5)
∫
B
h ◦ |ϕj |(ω + ddcϕj)n −→
∫
B
h ◦ |ϕ|(ω + ddcϕ)n.
Proof. We can assume without loss of generality that ϕ,ϕj ≤ 0.
Assume first that supj≥0
∫
X h ◦ |ϕj |(ω + ddcϕj)n < +∞. Since the Borel
measures h(−ϕj)(ω + ddcϕj)n have uniformly bounded masses, they form
a weakly compact sequence. Let ν be a cluster point. Since the functions
h(−ϕj) increase towards h(−ϕ) and (ω + ddcϕj)n converges towards (ω +
ddcϕ)n, it follows from semi-continuity that h(−ϕ)(ω + ddcϕ)n ≤ ν, hence∫
X h(−ϕ)(ω + ddcϕ)n ≤ ν(X) < +∞.
Conversely assume that h(−ϕ) ∈ L1((ω + ddcϕ)n). It follows from (4)
that ∫
(ϕ≤−j)
ωnϕj =
∫
X
ωnϕj −
∫
(ϕ>−j)
ωnϕj =
∫
(ϕ≤−j)
ωnϕ.
Here – and in the sequel – we use the notation ωϕ := ω + dd
cϕ, ωϕj =
ω + ddcϕj . Thus by (4) again,∫
X
h(−ϕj)ωnϕj = h(j)
∫
(ϕ≤−j)
ωnϕj +
∫
(ϕ>−j)
h(−ϕ)ωnϕj
=
∫
(ϕ≤−j)
h(j)ωnϕ +
∫
(ϕ>−j)
h(−ϕ)ωnϕ
≤
∫
X
h(−ϕ)ωnϕ.
Moreover if B ⊂ X is a Borel subset, then∣∣∣∣
∫
B
h(−ϕj)ωnϕj −
∫
B
h(−ϕ)ωnϕ
∣∣∣∣ ≤
∫
B∩(ϕ≤−j)
h(−ϕj)ωnϕj +
∫
B∩(ϕ≤−j)
h(−ϕ)ωnϕ
≤ 2
∫
(ϕ≤−j)
h(−ϕ)ωnϕ → 0.

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1.2. The comparison principle. We now establish the comparison prin-
ciple which will be an important tool in the sequel.
Theorem 1.5. Let ϕ,ψ ∈ E(X,ω), then∫
(ϕ<ψ)
(ω + ddcψ)n ≤
∫
(ϕ<ψ)
(ω + ddcϕ)n.
The class E(X,ω) is the largest subclass of PSH(X,ω) on which the op-
erator (ω + ddc·)n is well defined and the comparison principle is valid.
Proof. Assume first that ϕ,ψ are bounded. It follows from (1) that∫
(ϕ<ψ)
ωnψ =
∫
(ϕ<ψ)
[ω +max(ϕ,ψ)]n =
∫
X
ωn −
∫
(ϕ≥ψ)
[ω +max(ϕ,ψ)]n
≤
∫
X
ωn −
∫
(ϕ>ψ)
ωnϕ =
∫
(ϕ≤ψ)
ωnϕ.
Replacing ψ by ψ − ε, ε > 0, yields when εց 0,∫
(ϕ<ψ)
ωnψ = limր
∫
(ϕ<ψ−ε)
ωnψ ≤ limր
∫
(ϕ≤ψ−ε)
ωnϕ =
∫
(ϕ<ψ)
ωnϕ.
When ϕ,ψ are unbounded, we set ϕj = max(ϕ,−j) and ψk = max(ψ,−k).
The comparison principle for bounded ω-psh functions yields∫
(ϕj<ψk)
ωnψk ≤
∫
(ϕj<ψk)
ωnϕj .
Observe that (ϕj < ψ) ⊂ (ϕj < ψk) ⊂ (ϕ < ψk). Letting k → +∞ in the
corresponding inequality yields, by using monotone convergence theorem
together with (3), ∫
(ϕj<ψ)
ωnψ ≤
∫
(ϕ≤ψ)
ωnϕj .
Letting now j → +∞, we infer ∫(ϕ<ψ) ωnψ ≤ ∫(ϕ≤ψ) ωnϕ. The desired inequal-
ity now follows by replacing ψ by ψ − ε, ε > 0, and letting ε→ 0+.
It turns out that the class E(X,ω) is the largest class of ω-plurisubharmonic
functions on which the complex Monge-Ampe`re operator is well defined and
the comparison principle is valid. Indeed let F be the largest class with
these properties, so that E(X,ω) ⊂ F ⊂ PSH(X,ω) and∫
(u≤ψ)
(ω + ddcψ)n ≤
∫
(u≤ψ)
(ω + ddcu)n,
for all u, ψ ∈ F . Note that this inequality is equivalent to the comparison
principle 1.5 since the measures (ω+ddcu)n, (ω+ddcψ)n have the same total
mass
∫
X ω
n. Fix ϕ ∈ E(X,ω) and ψ ∈ F and apply previous inequality with
u = ϕ+ c, c ∈ R, to obtain
(ω + ddcψ)n(ϕ = −∞) = lim
c→+∞
∫
(ϕ+c≤ψ)
(ω + ddcψ)n ≤ ωnϕ(ϕ = −∞) = 0.
Since E(X,ω) characterizes pluripolar sets (Example 2.14), we infer ωnψ(ψ =
−∞) = 0, hence ψ ∈ E(X,ω), i.e. F = E(X,ω). 
This principle allows us to derive important properties of the class E(X,ω).
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Proposition 1.6. The class E(X,ω) is convex. Moreover if ϕ ∈ E(X,ω)
and ψ ∈ PSH(X,ω) are such that ϕ ≤ ψ, then ψ ∈ E(X,ω).
Proof. The proof follows from the comparison principle together with the
following elementary observation: If ϕ ∈ PSH(X,ω) and ϕ/2 ∈ E(X,ω),
then ϕ ∈ E(X,ω). Indeed set u = ϕ/2, uj := max(u,−j), and ϕj :=
max(ϕ,−j). Observe that uj = ϕ2j/2 and
ωuj := ω + dd
c(ϕ2j/2) =
1
2
(ω + ωϕ2j ) ≥
1
2
ωϕ2j ,
therefore∫
(ϕ≤−2j)
(ω+ddcϕ2j)
n =
∫
(u≤−j)
(ω+ddcϕ2j)
n ≤ 2n
∫
(u≤−j)
(ω+ddcuj)
n → 0.
We now use the comparison principle to show that if ϕ ∈ E(X,ω), ψ ∈
PSH(X,ω) are such that ϕ ≤ ψ, then ψ/2 ∈ E(X,ω), so that ψ ∈ E(X,ω)
by previous observation. Set v := ψ/2 and vj := max(v,−j), ϕj :=
max(ϕ,−j). We can assume without loss of generality that ϕ ≤ ψ ≤ −2,
hence v ≤ −1. It follows from ϕ ≤ ψ that
(v ≤ −j) ⊂ (ϕ2j < vj − j + 1) ⊂ (ϕ ≤ −j),
where the last inclusion simply uses vj ≤ −1. We infer
ωnvj(v ≤ −j) ≤
∫
(ϕ2j<vj−j+1)
ωnvj ≤
∫
(ϕ2j<vj−j+1)
ωnϕ2j ≤ ωnϕ2j (ϕ ≤ −j)→ 0,
as follows from Lemma 1.2. Thus v = ψ/2 ∈ E(X,ω).
Using the comparison principle again, we now show that if ϕ,ψ ∈ E(X,ω),
then (ϕ + ψ)/4 ∈ E(X,ω). It follows then from our first observation that
(ϕ + ψ)/2 ∈ E(X,ω), thus E(X,ω) is convex. Set w := (ϕ + ψ)/4, wj :=
max(w,−j), ϕj := max(ϕ,−j) and ψj := max(ψ,−j). Observe that (v ≤
−j) ⊂ (ϕ ≤ −2j) ∪ (ψ ≤ −2j), thus it suffices to show that ωnvj(ϕ ≤
−2j) → 0. Assuming as above that ϕ,ψ ≤ −2 yields (ϕ ≤ −2j) ⊂ (ϕ2j <
wj − j + 1) ⊂ (ϕ ≤ −j), hence
ωnvj (ϕ ≤ −2j) ≤ ωnϕ2j (ϕ ≤ −j) = ωnϕj(ϕ ≤ −j) −→ 0,
as follows from Lemma 1.2. 
Corollary 1.7. If ϕ ∈ E(X,ω), ψ ∈ PSH(X,ω), then max(ϕ,ψ) ∈ E(X,ω)
and
1{ϕ>ψ}[ω + dd
cϕ]n = 1{ϕ>ψ}[ω + dd
cmax(ϕ,ψ)]n.
Proof. It follows from the previous proposition that u := max(ϕ,ψ) be-
longs to E(X,ω). Set ϕj = max(ϕ,−j), ψj+1 = max(ψ,−j − 1) and
uj := max(u,−j). Observe that max(ϕj , ψj+1) = max(ϕ,ψ,−j) = uj.
Applying (1) yields
1{ϕj>ψj+1}(ω + dd
cϕj)
n = 1{ϕj>ψj+1}(ω + dd
cuj)
n.
Recall from (3) that 1(ϕ>ψ)ω
n
ϕj → 1(ϕ>ψ)ωnϕ. Now (ϕ > ψ) ⊂ (ϕj > ψj+1)
and (ϕj > ψj+1) \ (ϕ > ψ) ⊂ (ϕ ≤ −j), hence
0 ≤
[
1(ϕj>ψj+1) − 1(ϕ>ψ)
]
ωnϕj ≤ 1(ϕ≤−j)ωnϕj → 0,
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since ϕ ∈ E(X,ω). This shows that
1{ϕj>ψj+1}(ω + dd
cϕj)
n −→ 1{ϕ>ψ}(ω + ddcϕ)n.
One proves similarly that 1{ϕj>ψj+1}(ω + dd
cuj)
n → 1{ϕ>ψ}(ω + ddcu)n,
observing that (ϕj > ψj+1) \ (ϕ > ψ) ⊂ (max[ϕ,ψ] ≤ −j). 
The previous proposition also shows that functions which belong to the
class E(X,ω), although possibly unbounded, have mild singularities.
Corollary 1.8. A function ϕ ∈ E(X,ω) has zero Lelong number at every
point x ∈ X.
Note that this is not a sufficient condition to belong to E(X,ω). It is
for instance well known that, when n = 1, there are subharmonic functions
whose Laplacian has no Dirac mass but nevertheless charges a polar set.
Proof. For any point x ∈ X, one can construct a function ̺ ∈ PSH(X,ω)
which is smooth but at point x, and such that ̺ ∼ c log dist(·, x) near x,
for some constant c > 0. Such a function ̺ has well defined Monge-Ampe`re
measure (ω + ddcϕ)n and the latter has mass ≥ cn at point x (see [Dem]).
Therefore ρ /∈ E(X,ω).
Now if ϕ ∈ PSH(X,ω) has a positive Lelong number at point x, then
ϕ ≤ γ̺ + C on X, for some constants γ,C > 0, so it follows from the
previous result that ϕ does not belong to E(X,ω). 
We will see in the next section (Theorem 2.6) that the complex Monge-
Ampe`re operator ϕ ∈ E(X,ω) 7→ (ω + ddcϕ)n is continuous under any
decreasing sequences.
Theorem 1.9. Let ϕj ∈ E(X,ω) be any sequence decreasing towards ϕ ∈
E(X,ω). Then (ω + ddcϕj)n −→ (ω + ddcϕ)n.
The proof of this result uses some properties of the weighted Monge-
Ampe`re energy that we introduce in section 2. The following consequence
will be quite useful when solving Monge-Ampe`re equations in section 4. It
is due to E.Bedford and A.Taylor [BT 1,3] when ϕ,ψ are bounded.
Corollary 1.10. Assume ϕ,ψ ∈ E(X,ω) are such that (ω+ddcϕ)n ≥ µ and
(ω + ddcψ)n ≥ µ for some positive Borel measure µ on X. Then
[ω + ddcmax(ϕ,ψ)]n ≥ µ.
Proof. Observe that max(ϕ,ψ) ∈ E(X,ω) by Proposition 1.6. It follows
from Corollary 1.7 that
[ω+ ddcmax(ϕ,ψ)]n ≥ 1{ϕ>ψ}(ω+ ddcϕ)n+1{ϕ<ψ}(ω+ ddcψ)n ≥ 1{ϕ 6=ψ}µ.
Thus we are done if µ(ϕ = ψ) = 0.
Assume now that µ(ϕ = ψ) > 0. We show hereafter that µ(ϕ = ψ+t0) = 0
for all t0 ∈ R \ Iµ where Iµ is at most countable. Assuming this, we can find
a decreasing sequence εj ց 0 such that µ(ϕ = ψ + εj) = 0. Replacing ψ by
ψ + εj above yields
[ω + ddcmax(ϕ,ψ + εj)]
n ≥ µ.
The desired inequality therefore follows from Theorem 1.9.
THE WEIGHTED MONGE-AMPE`RE ENERGY OF QPSH FUNCTIONS 9
It remains to show that Iµ := {t0 ∈ R /µ(ϕ = ψ + t0) > 0} is at most
countable. Consider f : t ∈ R 7→ µ({ϕ < ψ+ t}) ∈ R+. This is an increasing
function which is left continuous since µ is a Borel measure. Moreover
lim
t
t>t0→ t0
f(t) = µ ({ϕ ≤ ψ + t0} \ {ψ = −∞}) = µ({ϕ ≤ ψ + t0})
since µ(ψ = −∞) ≤ ωnψ(ψ = −∞) = 0. Therefore f is continuous at
t0 unless µ(ϕ = ψ + t0) > 0. Thus the set Iµ coincides with the set of
discontinuity of f which is at most countable. 
2. Low-energy classes
Let χ : R− → R− be a convex increasing function such that χ(−∞) =
−∞. It follows from the convexity assumption that
0 ≤ (−t)χ′(t) ≤ (−χ)(t) + χ(0), for all t ∈ R−.
A straightforward computation shows that χ ◦ϕ ∈ PSH(X,ω) whenever
ϕ ∈ PSH(X,ω) is non positive and such that χ′ ◦ ϕ ≤ 1. Indeed
ddcχ ◦ ϕ = χ′′ ◦ ϕdϕ ∧ dcϕ+ χ′ ◦ ϕddcϕ ≥ −ω.
Our aim here is to study the class of ω-psh functions with finite χ-energy.
Definition 2.1. We let Eχ(X,ω) denote the set of ω-plurisubharmonic func-
tions with finite χ-energy, i.e.
Eχ(X,ω) :=
{
ϕ ∈ E(X,ω) /χ(−|ϕ|) ∈ L1((ω + ddcϕ)n)} .
Observe that this definition is invariant under translation both of the
function ϕ 7→ ϕ+c, c ∈ R, and of the weight χ 7→ χ−χ(0). We shall therefore
often assume that the functions we are dealing with are non-negative, and
we will always normalize the weight by requiring χ(0) = 0. We let
W− := {χ : R− → R− /χ convex increasing, χ(0) = 0, χ(−∞) = −∞}
denote the set of admissible weights.
Proposition 2.2.
E(X,ω) =
⋃
χ∈W−
Eχ(X,ω).
Proof. Fix ϕ ∈ E(X,ω). Its complex Monge-Ampe`re measure (ω + ddcϕ)n
is well defined and does not charge the pluripolar set (ϕ = −∞). One
can construct a continuous increasing function h : R+ → R+ such that
h(+∞) = +∞ and h ◦ |ϕ| ∈ L1((ω + ddcϕ)n). Note that we can assume
without loss of generality that h is concave (replacing if necessary h by a
concave increasing minorant h˜ ≤ h such that h˜(+∞) = +∞). Therefore
ϕ ∈ Eχ(X,ω), where χ(t) := −h(−t). 
Observe that the union is increasing in the sense that Eχ(X,ω) ⊂ Eχ˜(X,ω)
whenever χ˜ = O(χ) at infinity. Observe also that χ = O(Id), as follows from
the convexity assumption, hence for all χ ∈ W−,
Eχ(X,ω) ⊃ E1(X,ω) := {ϕ ∈ E(X,ω) /ϕ ∈ L1(ωnϕ)}.
When n = dimCX = 1, E1(X,ω) is the classical class of quasi-subharmonic
functions of finite (unweighted) energy.
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In the rest of section 2, χ ∈ W− denotes a fixed admissible weight and
Eχ(ϕ) :=
∫
X
(−χ) ◦ ϕ (ω + ddcϕ)n
denotes the χ-energy of a function ϕ ∈ Eχ(X,ω), ϕ ≤ 0.
2.1. Useful inequalities. Many properties of the class Eχ(X,ω) follow
from simple integration by parts, as shown by the following result.
Lemma 2.3 (The fundamental inequality). Let ϕ,ψ ∈ PSH(X,ω) ∩
L∞(X) be such that ϕ ≤ ψ ≤ 0. Then
0 ≤
∫
X
(−χ) ◦ ψ (ω + ddcψ)n ≤ 2n
∫
X
(−χ) ◦ ϕ (ω + ddcϕ)n.
Proof. The proof follows from a repeated application of the following in-
equality, of independent interest: let T be any positive closed current of
bidimension (1,1) on X, then
(6) 0 ≤
∫
X
(−χ) ◦ ϕωψ ∧ T ≤ 2
∫
X
(−χ) ◦ ϕωϕ ∧ T.
Indeed observe that
∫
X(−χ) ◦ ψ ωnψ ≤
∫
X(−χ) ◦ ϕωnψ, hence it suffices to
apply (6) with T = ωjϕ ∧ ωn−1−jψ , 0 ≤ j ≤ n− 1, to conclude.
It remains to prove (6). Here – and quite often in the sequel – we are going
to use Stokes theorem which yields
∫
X udd
cv ∧ T = ∫ vddcu ∧ T , whenever
u, v are bounded ω-psh functions. Let us stress that there is no need for a
global regularization of ω-psh functions to justify this integration by parts.
We simply use the fact that uddcv ∧ T and vddcu ∧ T are well defined and
cohomologous currents on X, since
uddcv ∧ T − vddcu ∧ T = d[udcv ∧ T − vdcu ∧ T ].
The latter computation can be justified by using local regularizations to-
gether with continuity results of [BT 3]. We can also assume the weight
χ is smooth and then approximate it by using convolutions. Observe that
χ′ ◦ ϕω + ddc(χ ◦ ϕ) ≥ 0, hence
0 ≤
∫
X
(−χ) ◦ ϕωψ ∧ T =
∫
X
(−χ) ◦ ϕω ∧ T +
∫
X
(−ψ) ddcχ ◦ ϕ ∧ T
≤
∫
X
(−χ) ◦ ϕω ∧ T +
∫
X
(−ϕ) [χ′ ◦ ϕω + ddc(χ ◦ ϕ)] ∧ T
=
∫
X
(−ϕ)χ′ ◦ ϕω ∧ T +
∫
X
(−χ) ◦ ϕωϕ ∧ T.
Observe now that 0 ≤ (−ϕ)χ′ ◦ ϕ ≤ (−χ) ◦ ϕ and∫
X
(−χ) ◦ ϕωϕ ∧ T =
∫
X
(−χ) ◦ ϕω ∧ T +
∫
X
χ′ ◦ ϕdϕ ∧ dcϕ ∧ T
≥
∫
X
(−χ) ◦ ϕω ∧ T,
therefore
∫
X(−ϕ)χ′ ◦ ϕω ∧ T ≤
∫
X(−χ) ◦ ϕωϕ ∧ T , which yields (6). 
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It follows from Lemma 2.3 that the class Eχ(X,ω) is stable under taking
maximum. Another consequence of Lemma 2.3 is that a given ω-psh function
belongs to Eχ(X,ω) if and only if any sequence ϕj ∈ PSH(X,ω) ∩ L∞(X)
decreasing to ϕ has uniformly bounded χ-energy.
Corollary 2.4. Fix ϕ ∈ E(X,ω). The following conditions are equivalent:
(1) ϕ ∈ Eχ(X,ω);
(2) for any sequence ϕj ∈ PSH(X,ω) ∩ L∞(X) decreasing towards ϕ,
supj≥0
∫
X(−χ)(|ϕj |)(ω + ddcϕj)n < +∞;
(3) there exists one sequence as in (2).
Proof. It follows from Proposition 1.4 that ϕ ∈ Eχ(X,ω) if and only if
supj≥0
∫
X(−χ)(−|ϕj |)(ω + ddcϕj)n < +∞, where ϕj := max(ϕ,−j) is the
canonical approximating sequence. Thus (1) is equivalent to (3).
Assume (3) holds. If ψj ∈ PSH(X,ω) ∩ L∞(X) is any other sequence
decreasing towards ϕ, then ψj ≥ ϕkj for some (possibly large) kj ∈ N, hence
by Lemma 2.3, the sequence
∫
X(−χ)(−|ψj |)(ω + ddcψj)n is still uniformly
bounded, showing (2). The reverse implication (2)⇒ (3) is obvious. 
We now establish an inequality similar to (6), without any assumption on
the relative localization of ϕ,ψ.
Proposition 2.5. Let T be a positive closed current of bidimension (j,j) on
X, 0 ≤ j ≤ n, and let ϕ,ψ ≤ 0 be bounded ω-psh functions. Then
0 ≤
∫
X
(−χ) ◦ ϕωjψ ∧ T ≤ 2
∫
X
(−χ) ◦ ϕωjϕ ∧ T + 2
∫
X
(−χ) ◦ ψ ωjψ ∧ T.
Observe that when T has bidimension (0, 0), T ≡ 1, this shows that
χ ◦ Eχ(X,ω) ⊂ L1(µ),
for any Monge-Ampe`re measure µ = (ω + ddcψ)n, ψ ∈ Eχ(X,ω). We shall
use this fact in section 4, when describing the range of the complex Monge-
Ampe`re operator on classes Eχ(X,ω).
Proof. Observe that χ′(2t) ≤ χ′(t) for all t < 0, hence∫
X
(−χ)◦ϕωjψ∧T =
∫ 0
−∞
χ′(t)ωjψ∧T (ϕ < t)dt ≤ 2
∫ 0
−∞
χ′(t)ωjψ∧T (ϕ < 2t)dt.
Now (ϕ < 2t) ⊂ (ϕ < ψ + t) ∪ (ψ < t), hence∫
X
(−χ) ◦ϕωjψ ∧T ≤ 2
∫ 0
−∞
χ′(t)ωjψ ∧T (ϕ < ψ+ t)dt+2
∫
X
(−χ) ◦ψ ωjψ ∧T.
The comparison principle yields ωjψ ∧ T (ϕ < ψ + t) ≤ ωjϕ ∧ T (ϕ < ψ + t).
The desired inequality follows by observing that (ϕ < ψ + t) ⊂ (ϕ < t). 
2.2. Continuity of weighted Monge-Ampe`re operators. We are now
in position to prove a strong version of Theorem 1.9.
Theorem 2.6. Let ϕj ∈ PSH(X,ω) be a sequence decreasing towards ϕ ∈
Eχ(X,ω). Then ϕj ∈ Eχ(X,ω) and (ω+ddcϕj)n −→ (ω+ddcϕ)n. Moreover
for any χ˜ ∈ W− such that χ˜ = o(χ), one has
χ˜(−|ϕj |) (ω + ddcϕj)n −→ χ˜(−|ϕ|) (ω + ddcϕ)n.
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When ϕj := max(ϕ,−j) is the canonical approximation, then
1Bχ(−|ϕj |)(ω + ddcϕj)n → 1Bχ(−|ϕ|)(ω + ddcϕ)n
for all Borel subsets B ⊂ X.
Observe that Theorem 1.9 easily follows from this result together with
Proposition 2.2.
Proof. Step 1. Assume first that ϕj := max(ϕ,−j). For B ⊂ X,∣∣∣∣
∫
B
|χ| ◦ ϕj ωnϕj −
∫
B
|χ| ◦ ϕωnϕ
∣∣∣∣ ≤
∫
B∩(ϕ≤−j)
[
|χ| ◦ ϕj ωnϕj + |χ| ◦ ϕωnϕ
]
≤ 2
∫
(ϕ≤−j)
|χ| ◦ ϕωnϕ → 0,
since χ ◦ ϕ ∈ L1(ωnϕ). We have used here the upper bound∫
(ϕ≤−j)
(−χ) ◦ ϕj ωnϕj = (−χ)(−j)
∫
(ϕ≤−j)
ωnϕj
= (−χ)(−j)
∫
(ϕ≤−j)
ωnϕ ≤
∫
(ϕ≤−j)
(−χ) ◦ ϕωnϕ.
This shows that 1Bχ ◦ϕ ωnϕj → 1Bχ ◦ϕωnϕ. We infer that the fundamental
inequality holds when ϕ,ψ ∈ Eχ(X,ω).
Step 2. We now consider the case of a general sequence (ϕj) that decreases
towards ϕ. The continuity of the complex Monge-Ampe`re operator (ω +
ddc·)n along such sequences is due to E.Bedford and A.Taylor [BT 3] when
ϕ is bounded, and we shall reduce the problem to this case. We can assume
without loss of generality that ϕ,ϕj ≤ 0. Consider
ϕKj := max(ϕj ,−K) and ϕK := max(ϕ,−K).
The integer K being fixed, the sequence (ϕKj )j is uniformly bounded and
decreases towards ϕK , hence(
ω + ddcϕKj
)n j→+∞−→ (ω + ddcϕK)n .
Thus we will be done if we can show that (ω + ddcϕKj )
n converges towards
(ω+ddcϕj)
n asK → +∞, uniformly with respect to j. Let h be a continuous
test function on X. Then∣∣〈h, (ω + ddcϕKj )n − (ω + ddcϕj)n〉∣∣
≤ ||h||L∞(X)
∫
(ϕj≤−K)
[
(ω + ddcϕKj )
n + (ω + ddcϕj)
n
]
≤ ||h||L∞(X)
(−χ)(−K)
{∫
X
(−χ) ◦ ϕKj (ω + ddcϕKj )n +
∫
X
(−χ) ◦ ϕj(ω + ddcϕj)n
}
.
Since ϕ ≤ ϕj ≤ ϕKj , it follows now from Step 1 that the last two integrals
are uniformly bounded from above by 2n
∫
X(−χ) ◦ ϕωnϕ. This yields the
desired uniformity. Note that the same proof shows that χ˜ ◦ ϕjωnϕj →
χ˜ ◦ ϕωnϕ, whenever χ˜ = o(χ), so that a factor χ˜(−K)/χ(−K) → 0 yields
uniformity. 
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Corollary 2.7. The fundamental inequality holds when ϕ,ψ ∈ Eχ(X,ω).
Moreover if 0 ≥ ϕj ∈ Eχ(X,ω) is a sequence of functions converging towards
ϕ in L1(X) and such that Eχ(ϕj) is uniformly bounded, then ϕ ∈ Eχ(X,ω).
Proof. Set Φj := (supl≥j ϕl)
∗. This is a sequence of ω-psh functions which
decrease towards ϕ. Since 0 ≥ Φj ≥ ϕj , it follows from Lemma 2.3 and
Theorem 2.6 that Eχ(Φj) is uniformly bounded. Thus ϕ ∈ Eχ(X,ω) by
Corollary 2.4. 
The class E1(X,ω) plays a special role in many respects, as will become
clear in section 3. We indicate here one specific property that will be useful
when solving Monge-Ampe`re equation in section 4.
Proposition 2.8. Let ϕj , ϕ ∈ E1(X,ω) be such that ϕj → ϕ in L1(X). If∫
X |ϕj − ϕ|ωnϕj → 0, then (ω + ddcϕj)n → (ω + ddcϕ)n.
Proof. We can assume without loss of generality that ϕj , ϕ ≤ 0. Passing to
a subsequence if necessary, we can assume
∫ |ϕj − ϕ|ωnϕj ≤ 1/j2. Consider
Φj := max(ϕj , ϕ− 1/j) ∈ E1(X,ω).
It follows from Hartogs’ lemma that Φj → ϕ in capacity. This means that
Capω(|Φj − ϕ| > ε)→ 0, for all ε > 0, where
Capω(K) := sup{
∫
K
(ω + ddcu)n /u ∈ PSH(X,ω), −1 ≤ u ≤ 0}
is the Monge-Ampe`re capacity (see [BT 3], [GZ 1]). It is a well-known con-
sequence of the quasicontinuity of ω-psh functions that (ω+ddcΦj)
n → (ω+
ddcϕ)n, when the Φ′js are uniformly bounded [X]. We can reduce to this case
by showing that (ω + ddcΦKj )
n converges towards (ω + ddcϕK)n uniformly
with respect to K, where ΦKj := max(Φj,−K) and ϕK := max(ϕ,−K).
Indeed if θ is a test function, then∣∣∣〈ωnΦKj , θ〉 − 〈ωnΦj , θ〉
∣∣∣ ≤ sup
X
|θ|
{∫
(Φj≤−K)
ωn
ΦKj
+
∫
(Φj≤−K)
ωnΦj
}
≤ supX |θ|
K
{
E1(Φ
K
j ) +E1(Φj)
}
≤ 2supX |θ|
K
E1(ϕ− 1),
where E1 = Eχ for χ(t) = t. This follows from Lemma 2.3 and the lower
bound Φj ≥ ϕ − 1. Thus we have shown that the measures (ω + ddcΦj)n
converge towards (ω + ddcϕ)n.
We now need to compare (ω+ ddcΦj)
n and (ω+ ddcϕj)
n. It follows from
Corollary 1.7, that
ωnΦj ≥ 1{ϕj≥ϕ−1/j} · ωnϕj .
Let Ej denote the set X \ {ϕj ≥ ϕ − 1/j}, i.e. Ej = {ϕ − ϕj > 1/j}. Our
assumption implies that 1Ejω
n
ϕj → 0, indeed
0 ≤
∫
Ej
ωnϕj ≤ j
∫
X
|ϕ− ϕj |ωnϕj ≤
1
j
.
Therefore 0 ≤ ωnϕj ≤ ωnΦj + o(1), hence ωnϕ = limωnϕj . 
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Remark 2.9. Observe the following property which was used and proved
above (when χ(t) = t): if ϕ ∈ PSH(X,ω), ϕj ∈ E(X,ω), ϕj → ϕ in
capacity, and ϕj ≥ ψ for some fixed ψ ∈ E(X,ω), then ϕ ∈ E(X,ω) and
(ω + ddcϕj)
n → (ω + ddcϕ)n.
2.3. Homogeneous weights. The weights χp(t) = −(−t)p, 0 < p ≤ 1,
belong to W−. We shall use the notation
Ep(X,ω) := Eχ(X,ω), when χ(t) = −(−t)p.
These classes are easier to understand thanks to the homogeneity property
of the weight function, χ(εt) = εpχ(t).
Also the class E1(X,ω) deserves special attention, as it is the turning point
between low-energy and high-energy classes. All functions from E1(X,ω)
have gradient in L2(X) (see Proposition 3.2), while most functions of lower
energy do not (Example 2.14). We will show (Theorem 3.3) that solutions
of complex Monge-Ampe`re equations have a unique solution in E1(X,ω),
while it is a question that remains open in classes of lower energy.
Our aim here is to establish further properties of the classes Ep(X,ω). It
will allow us to give a complete characterization of the range of the complex
Monge-Ampe`re operator on them (see Theorem 4.2).
Proposition 2.10. There exists Cp > 0 such that for all 0 ≥ ϕ0, . . . , ϕn ∈
PSH(X,ω) ∩ L∞(X),
0 ≤
∫
X
(−ϕ0)pωϕ1 ∧ · · · ∧ ωϕn ≤ Cp max
0≤j≤n
[∫
X
(−ϕj)pωnϕj
]
.
In particular the class Ep(X,ω) is starshaped and convex.
Proof. It follows from Proposition 2.5 applied with ϕ = ϕ0, ψ = ϕ1 and
T = ωϕ2 ∧ · · · ∧ ωϕn that
(7)
∫
X
(−χ) ◦ϕ0 ωϕ1 ∧ T ≤ 2
∫
X
(−χ) ◦ϕ0 ωϕ0 ∧T +2
∫
X
(−χ) ◦ϕ1 ωϕ1 ∧T,
thus we can assume ϕ0 = ϕ1 in the sequel.
Set u = ε
∑n
i=1 ϕi, where ε > 0 is small enough (ε < (2n)
−1/p will do).
Observe that ωnu ≥ εnωϕ1 ∧ · · · ∧ ωϕn , hence it suffices to get control on∫
X(−χ) ◦ ϕi ωnu for all 1 ≤ i ≤ n to conclude. By using Proposition 2.5
again, ∫
X
(−χ) ◦ ϕi ωnu ≤ 2Eχ(ϕi) + 2Eχ(u),
where Eχ(u) :=
∫
X(−χ) ◦ uωnu . By subadditivity and homogeneity of −χ,
we get Eχ(u) ≤ εp
∑n
j=1
∫
X(−χ) ◦ ϕj ωnu , hence
(8)
n∑
i=1
∫
X
(−χ) ◦ ϕi ωnu ≤
2
1− 2nεp
n∑
i=1
Eχ(ϕi).
We deduce from (7), (8) and ωnu ≥ εnωϕ1 ∧ · · · ∧ ωϕn that
0 ≤
∫
X
(−ϕ0)pωϕ1 ∧ · · · ∧ ωϕn ≤
4n
εn[1− 2nεp] max1≤i≤nEχ(ϕi).
Each class Eχ(X,ω) is clearly starshaped. It follows from previous in-
equality that the classes Ep(X,ω) are also convex. 
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It follows from this result that if some functions ψj ∈ Ep(X,ω), ψj ≤ 0,
have uniformly bounded energy supj≥0Eχ(ψj) < +∞, then
ψ :=
∑
j≥1
2−jψj ∈ Ep(X,ω).
This observation, together with the homogeneity property of χ(t) = −(−t)p
allows us to derive the following quantitative characterization of integrability
properties with respect to a given measure µ.
Lemma 2.11. Let µ be a probability measure on X. Then Ep(X,ω) ⊂ Lp(µ)
if and only if there exists C > 0 such that for for all ψ ∈ PSH(X,ω)∩L∞(X)
with supX ψ = −1,
(9) 0 ≤
∫
X
(−ψ)p dµ ≤ C
[∫
X
(−ψ)p ωnψ
] p
p+1
.
Proof. Assume on the contrary that (9) is not satisfied, then there exists
ψj ∈ PSH(X,ω) ∩ L∞(X), supX ψj = −1, such that∫
X
(−χ) ◦ ψj dµ ≥ 4jpM
p
p+1
j , where Mj := Eχ(ψj).
If (Mj) is bounded we consider ψ :=
∑
j≥1 2
−jψj . This is a ω-psh function
which belongs to Ep(X,ω) by Proposition 2.10. Now∫
X
(−χ) ◦ ψdµ ≥
∫
X
(−χ)(2−jψj)dµ ≥ 2jpM
p
p+1
j ≥ 2jp,
because ψj ≤ −1, henceMj ≥ 1. Thus
∫
X(−χ)◦ψdµ = +∞, a contradiction.
We similarly obtain a contradiction if (Mj) admits a bounded subse-
quence, so we can assume Mj → +∞ and Mj ≥ 1. Set ϕj = εjψj,
where εj = M
−1/(p+1)
j . We show herebelow that Eχ(ϕj) is bounded, hence
ϕ :=
∑
j≥1 2
−jϕj ∈ Ep(X,ω) by Proposition 2.10. Now∫
X
(−χ) ◦ ϕdµ ≥ 2−jp
∫
X
(−χ) ◦ ϕj dµ ≥ 2−jpεpj
∫
X
(−χ) ◦ ψj dµ
≥ 2jpεpjMp/(p+1)j = 2jp,
hence
∫
X(−χ) ◦ ϕdµ = +∞, a contradiction.
It remains to check that (Eχ(ϕj)) is indeed bounded. Observe that ωϕj ≤
εjωψj + ω, thus
Eχ(ϕj) = ε
p
j
∫
X
(−χ) ◦ ψj ωnϕj
≤ εpj
[∫
X
(−χ) ◦ ψj ωn + 2nεjEχ(ψj)
]
≤
∫
X
(−ψj)ωn + 2n.
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We have used here the definition of εj , ε
p+1
j Eχ(ψj) = 1, the bounds εj ≤ 1,
|χ|(t) ≤ |t|, and the inequalities
Eχ(ψj) =
∫
X
(−χ) ◦ ψj ω ∧ ωn−1ψj +
∫
X
χ′ ◦ ψj dψj ∧ dcψj ∧ ωn−1ψj
≥
∫
X
(−χ) ◦ ψj ω ∧ ωn−1ψj ≥
∫
X
(−χ) ◦ ψj ωk ∧ ωn−kψj ,
for all 1 ≤ k ≤ n − 1. Now ∫X(−ψj)ωn is bounded because supX ψj = −1
(see Proposition 2.7 in [GZ 1]), hence (Eχ(ϕj)) is bounded. 
Remark 2.12. These results actually apply for any weight χ ∈ W− close
enough to a homogeneous weight, as we indicate in section 3.3.
2.4. Some examples. The function L(t) := − log(1 − t) belongs to W−,
as well as Lp(t) := L ◦ · · · ◦L(t) (p times). It is in fact necessary to consider
functions χ with arbitrarily slow growth in order to understand the range of
the complex Monge-Ampe`re operator on E(X,ω), as the following example
shows.
Example 2.13. Fix h ∈ W−∩C∞(R−,R−) with h′(−∞) = 0, and consider
ϕ : z ∈ C ⊂ P1 = C ∪ {∞} 7→ h
(
log |z| − 1
2
log[1 + |z|2]− 1
)
∈ R−,
with the convention ϕ(∞) = h(−1). This is an ω-subharmonic function
on the Riemann sphere P1, where ω denotes the Fubini-Study volume form.
Note that ϕ is smooth but at the origin 0 ∈ C and
ωϕ = [f(z) + o(f(z))]dV, f(z) =
c
|z|2 h
′′(log |z|), near 0,
where dV denotes the euclidean volume form and c > 0. One thus checks
that ϕ ∈ Eχ(X,ω) if χ does not grow too fast (e.g. |χ|(t) . [h′ ◦h−1(t)]−1/2),
while χ ◦ ϕ /∈ L1(ωϕ) (hence ϕ /∈ Eχ(X,ω)) if e.g. |χ(t)| ≥ [h′ ◦ h−1(t)]−1.
As a concrete example, consider h(t) = t log(1 − t). The reader can
check that h satisfies our requirements, and that in this case ωϕ = fdV is a
measure with density such that
f(z) ∼ c
′
|z|2(− log |z|2)[log(− log |z|2)]2 near 0.
In particular |ϕ|p /∈ L1(ωϕ) for any p > 0, moreover log[1 − ϕ] /∈ L1(ωϕ).
One can obtain explicit examples with even slower growth by considering
h(t) = Lp(t) := L ◦ · · · ◦ L(t) (p times), where L(t) = − log(1− t).
Our next example shows that it is possible to define and control the
complex Monge-Ampe`re measure of functions with slightly attenuated sin-
gularites, although these functions need not have gradient in L2(X).
Example 2.14. For ϕ ∈ PSH(X,ω), ϕ ≤ −1, and 0 < p < 1, we set
ϕp := −(−ϕ)p. Then
ωϕp = p(−ϕ)p−1ωϕ + [1− p(−ϕ)p−1]ω + p(1− p)(−ϕ)p−2dϕ ∧ dcϕ ≥ 0,
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hence ϕp ∈ PSH(X,ω). One can compute similarly (ω+ddcϕp)n and check
that there exists α(p, n) > 0 small enough and C(p, n) > 0 independent of ϕ
such that ∫
X
(−ϕp)α(p,n)(ω + ddcϕp)n ≤ C(p, n).
This shows that ϕp ∈ Eχ(X,ω) with χ(t) = −(−t)α(p,n), as soon as p < 1.
In particular the complex Monge-Ampe`re operator of ϕp = −(−ϕ)p is well
defined for any ω-psh function ϕ ≤ −1 and for any p < 1, although ∇ϕp does
not belong to L2(X) when ωϕ is the current of integration along a complex
hypersurface and 1/2 ≤ p < 1.
3. High energy classes
We now consider further classes of ω-plurisubharmonic with milder sin-
gularities. Not only are they interesting in themselves, but we also actually
need first to understand the range of the complex Monge-Ampe`re operator
on them, before being able to describe the corresponding range on previous
classes (see the proofs of Theorems 4.1, 4.2).
We let W+ denote the set of concave increasing functions χ : R− → R−
such that χ(0) = 0, χ(−∞) = −∞ and we set
W+M :=
{
χ ∈ W+ / 0 ≤ |tχ′(t)| ≤M |χ(t)|, for all t ∈ R−} ,
where M > 0 is independent of t. For χ ∈ W+ we consider
Eχ(X,ω) := {ϕ ∈ E(X,ω) /χ(−|ϕ|) ∈ L1((ω + ddcϕ)n)}.
Observe that for all weights χ1 ∈ W−, χ2 ∈ W+, we have
PSH(X,ω) ∩ L∞(X) ⊂ Eχ2(X,ω) ⊂ E1(X,ω) ⊂ Eχ1(X,ω) ⊂ E(X,ω).
Thus the class E1(X,ω) is the turning point between classes of low energy
and those of high energy.
3.1. Gradient of quasiplurisubharmonic functions. The classes Eχ(X,ω),
χ ∈ W :=W−∪W+, form a whole scale among unbounded ω-plurisubharmonic
functions, joining the maximal class E(X,ω) of ω-psh functions ϕ whose
Monge-Ampe`re measure (ω+ddcϕ)n does not charge pluripolar sets (Propo-
sition 2.2) to the class PSH(X,ω) ∩ L∞(X) of bounded ω-psh functions.
Proposition 3.1.
PSH(X,ω) ∩ L∞(X) =
⋂
χ∈W+
Eχ(X,ω).
Proof. Clearly a bounded ω-psh function belongs to Eχ(X,ω) for all χ ∈ W.
Conversely assume ϕ ∈ Eχ(X,ω) for any weight χ ∈ W. We claim there
exists t∞ > 0 such that (ω+ dd
cϕ)n(ϕ < −t∞) = 0. Otherwise we could set
χ(t) := −h(−t), where h′(t) = 1
ωnϕ(ϕ < −t)
is well defined for all t > 0. Now χ ∈ W+ and, assuming ϕ ≤ 0,∫
X
(−χ) ◦ ϕωnϕ =
∫ +∞
0
h′(t)ωnϕ(ϕ < −t)dt = +∞,
contradicting ϕ ∈ Eχ(X,ω).
18 VINCENT GUEDJ & AHMED ZERIAHI
We infer (ω + ddcϕ)n(ϕ < −t) = 0 for all t ≥ t∞. It follows from the
comparison principle that V olω(ϕ < −t∞) ≤
∫
(ϕ<−t∞)
ωnϕ. Thus ϕ ≥ −t∞
almost everywhere, hence everywhere. 
One of the main differences between functions with finite low-energy and
those with finite high-energy resides in the following observation.
Proposition 3.2. Fix χ ∈ W+. Then any function ϕ ∈ Eχ(X,ω) is such
that ∇ϕ ∈ L2(ωn).
Proof. It suffices to establish this result when χ(t) = t, i.e. when ϕ ∈
E1(X,ω). Let T be a positive current of bidimension (1, 1) and fix ϕ ∈
PSH(X,ω) ∩ L∞(X) such that ϕ ≤ 0. Then∫
X
(−ϕ)ωϕ ∧ T =
∫
X
(−ϕ)ω ∧ T +
∫
X
dϕ ∧ dcϕ ∧ T ≥
∫
X
(−ϕ)ω ∧ T.
A repeated application of this inequality, applied with T = ωjϕ ∧ ωn−1−j,
therefore yields
(10) 0 ≤
∫
X
dϕ ∧ dcϕ ∧ ωn−1 ≤
∫
X
(−ϕ)ωϕ ∧ ωn−1 ≤
∫
X
(−ϕ)ωnϕ.
Fix now ϕ ∈ E1(X,ω) and set ϕj := max(ϕ,−j). We can assume with-
out loss of generality ϕ,ϕj ≤ 0. It follows from (10) that the sequence
of gradients (∇ϕj) has uniformly bounded L2-norm. Since ∇ϕj converges
towards ∇ϕ in the weak sense of distributions, it follows from the weak
L2-compactness of ∇ϕj that ∇ϕ ∈ L2(X). 
We can prove similarly that ϕ ∈ Eχ(X,ω) satisfies all intermediate lo-
cal boundedness conditions required in order for the local complex Monge-
Ampe`re operator (ω + ddcϕ)n to be well defined (see [Bl 3]). It follows
however from Example 2.14 that there are functions ϕ ∈ Eχ(X,ω) such that
∇ϕ /∈ L2(X) when χ ∈ W−.
3.2. Extension of Calabi’s uniqueness result. When ϕ,ψ are smooth
functions such that ωϕ, ωψ are Ka¨hler forms, it has been shown by E.Calabi
[Ca] that
(ω + ddcϕ)n = (ω + ddcψ)n =⇒ ϕ− ψ ≡ constant.
Calabi’s proof has been generalized by Z.Blocki [Bl 1] to the case where
ϕ,ψ ∈ PSH(X,ω) ∩ L∞(X). In both cases, the proof consists in showing
that ∇(ϕ− ψ) = 0, by using ingenious integration by parts.
We push this argument further by showing that there is still uniqueness
in the class E1(X,ω) (Theorem B in the introduction). We rely heavily on
the fact that ∇ϕ ∈ L2(ωn) when ϕ ∈ E1(X,ω). It is an interesting open
question to establish the uniqueness of solutions in classes of lower energy.
Theorem 3.3. Assume (ω+ddcϕ)n ≡ (ω+ddcψ)n, where ϕ ∈ E(X,ω) and
ψ ∈ E1(X,ω). Then ϕ− ψ is constant.
Proof. We assume first that both ϕ and ψ are in E1(X,ω). Set f = (ϕ−ψ)/2
and h = (ϕ + ψ)/2. It follows from Proposition 2.10 that h ∈ E1(X,ω).
We can assume w.l.o.g. ϕ,ψ ≤ −Cω, where Cω > 0 is chosen so that∫
X(−h)ωnh ≥ 1. We are going to prove that ∇f = 0 by showing that
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X df ∧ dcf ∧ ωn−1 = 0. This will be done by establishing an upper bound
involving the E1-energy of h and by using the following formal computation,
0 ≤
∫
X
df∧dcf∧ωn−1h ≤
∫
X
df∧dcf∧
n−1∑
l=0
ωlϕ∧ωn−1−lψ =
∫
X
−f
2
(ωnϕ−ωnψ) = 0.
Of course we should (and could) justify these integration by parts and
make sense of all terms involved in this computation. We are rather going
to establish the following a priori bound, when ϕ,ψ are bounded,
(†)
∫
X
df ∧ dcf ∧ ωn−1 ≤ 3n−1
(∫
X
df ∧ dcf ∧ ωn−1h
)1/2n−1 ∫
X
(−h)ωnh .
Approximating ϕ,ψ by ϕj = max(ϕ,−j), ψj = max(ψ,−j), it will then
follow from Theorem 2.6 and (†) that 2f = ϕ− ψ is constant, if ωnϕ ≡ ωnψ.
The a priori bound (†) follows by applying inductively the following in-
equality, where T = ωlh ∧ ωn−2−l is a closed positive current of bidimension
(2, 2) and l = n− 2, . . . , 0,
(†)T
∫
X
df ∧ dcf ∧ω ∧ T ≤ 3
(∫
X
df ∧ dcf ∧ ωh ∧ T
)1
2
(∫
X
(−h)ω2h ∧ T
) 1
2
.
Indeed observe that for T = ωlh ∧ ωn−2−l,∫
X
(−h)ω2+lh ∧ ωn−2−l ≤
∫
X
(−h)ωnh , for all l = n− 2, . . . , 0
and use that
∫
X(−h)ωnh ≥ 1 since h ≤ −Cω, to derive (†) from (†)T .
We now establish (†)T . Note that
df ∧ dcf ∧ ω = df ∧ dcf ∧ ωh − df ∧ dcf ∧ ddch,
hence integrating by parts yields∫
X
df ∧ dcf ∧ ω ∧ T =
∫
X
df ∧ dcf ∧ ωh ∧ T +
∫
X
df ∧ dch ∧ (ωϕ − ωψ)
2
∧ T.
It follows from the Cauchy-Schwarz inequality that∣∣∣∣
∫
X
df ∧ dch ∧ ωϕ ∧ T
∣∣∣∣ ≤ 2
(∫
X
df ∧ dcf ∧ ωh ∧ T
) 1
2
·
(∫
X
dh ∧ dch ∧ ωh ∧ T
)1
2
.
Note that we can get a similar control on
∫
X df ∧ dcf ∧ ωψ ∧ T . Thus (†)T
follows from the following last observation∫
X
df ∧ dcf ∧ S = 1
4
∫
X
(ψ − ϕ)(ωϕ − ωψ) ∧ S ≤
∫
X
(−h)ωh ∧ S,
where S is any positive closed current of bidimension (1, 1).
It remains to treat the case where ψ ∈ E1(X,ω) but ϕ a priori merely
belongs to E(X,ω). We normalize ϕ,ψ by requiring supX ϕ = supX ψ,
hence we need to show that ϕ ≡ ψ. Set ϕj := max(ϕ,ψ− j). It follows from
Lemma 2.3 that ϕj ∈ E1(X,ω). By Proposition 3.4 below, (ω + ddcϕj)n =
(ω + ddcψ)n. Now supX ϕj = supX ϕ = supX ψ if j ≥ 0, hence ϕj ≡ ψ by
previous analysis. Letting j → +∞, we infer ϕ ≡ ψ. 
Regarding uniqueness in the class E(X,ω), we have the following obser-
vation, of independent interest.
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Proposition 3.4. Assume ϕ,ψ ∈ E(X,ω) are such that (ω + ddcϕ)n =
(ω + ddcψ)n. Then
(ω + ddcmax[ϕ,ψ])n = (ω + ddcϕ)n = (ω + ddcψ)n.
Proof. Applying Corollary 1.10 with µ = ωnϕ = ω
n
ψ yields
(ω + ddcmax[ϕ,ψ])n ≥ µ = (ω + ddcϕ)n,
whence equality, since these measures have the same mass. 
3.3. Quasi-homogeneous weights. In this section we fix a weight χ ∈
W+M , M ≥ 1. Many results in this section are inspired by their local ana-
logues, obtained by U.Cegrell [Ce 1] when χ(t) = −(−t)p, p ≥ 1.
The following result is the W+M -version of Lemma 2.3.
Lemma 3.5. Let ϕ,ψ ∈ PSH(X,ω) ∩ L∞(X) with ϕ ≤ ψ ≤ 0. Then
0 ≤
∫
X
(−χ) ◦ ψ(ω + ddcψ)n ≤ (M + 1)n
∫
X
(−χ) ◦ ϕ(ω + ddcϕ)n.
Proof. The proof follows from a repeated application of the following in-
equality: if T is a positive closed current of bidimension (1, 1), then
(11) 0 ≤
∫
X
(−χ) ◦ ϕωψ ∧ T ≤ (M + 1)
∫
X
(−χ) ◦ ϕωϕ ∧ T.
Integrating by parts yields∫
X
(−χ) ◦ ϕωψ ∧ T =
∫
X
(−χ) ◦ ϕω ∧ T +
∫
X
(−ψ)ddc(χ ◦ ϕ) ∧ T.
The first integral in the RHS is bounded from above by
∫
X(−χ) ◦ ϕωϕ ∧ T
because
∫
X χ
′ ◦ ϕdϕ ∧ dcϕ ∧ T ≥ 0. Observe now that
ddcχ ◦ ϕ = χ′′ ◦ ϕdϕ ∧ dcϕ+ χ′ ◦ ϕddcϕ ≤ χ′ ◦ ϕωϕ,
thus∫
X
(−ψ)ddc(χ ◦ ϕ) ∧ T ≤
∫
X
(−ψ)χ′ ◦ ϕωϕ ∧ T ≤M
∫
X
(−χ) ◦ ϕωϕ ∧ T,
since (−ψ)χ′ ◦ ϕ ≤ (−ϕ)χ′ ◦ ϕ ≤M(−χ) ◦ ϕ. This yields (11). 
We let the reader check that Corollary 2.4, Theorem 2.6 and Corollary
2.7 hold when χ ∈ W+M , with exactly the same proof. We now establish the
high-energy version of Proposition 2.5.
Proposition 3.6. Let T be a positive closed current of bidimension (j,j) on
X, 0 ≤ j ≤ n, and let ϕ,ψ ≤ 0 be bounded ω-psh functions. Then
0 ≤
∫
X
(−χ) ◦ ϕωjψ ∧ T ≤ 2M
∫
X
(−χ) ◦ ϕωjϕ ∧ T + 2M
∫
X
(−χ) ◦ ψ ωjψ ∧ T.
Proof. The proof is the same as that of Proposition 2.5 except that we have
to replace inequality 0 ≤ χ′(2t) ≤ χ′(t) by 0 ≤ χ′(2t) ≤Mχ′(t). The latter
follows from the concavity property of χ which (together with χ(0) = 0)
yields |χ(t)| ≤ |t|χ′(t) and |χ(2t)| ≤ 2|χ(t)| for all t ∈ R−. Therefore
0 ≤ χ
′(2t)
χ′(t)
=
∣∣∣∣2tχ′(2t)χ(2t)
∣∣∣∣ ·
∣∣∣∣χ(2t)2χ(t)
∣∣∣∣ ·
∣∣∣∣ χ(t)tχ′(t)
∣∣∣∣ ≤M.

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Our next observation is useful to establish convexity properties of the
class Eχ(X,ω).
Lemma 3.7. For all 0 ≤ ε ≤ 1 and for all t < −1,
0 ≤ εM |χ(t)| ≤ |χ(εt)| ≤ ε|χ(t)|.
The proof follows easily from the concavity of χ, the normalization χ(0) =
0 and the definition ofW+M . These inequalities can be interpreted as a weak-
homogeneity property satisfied by the weights χ ∈ W+M . This allows us to
show that Eχ(X,ω) is always convex in this case.
Proposition 3.8. Fix M > 0 and χ ∈ W+M . There exists Cχ > 0 such that
for all 0 ≥ ϕ0, . . . , ϕn ∈ PSH(X,ω) ∩ L∞(X),
0 ≤
∫
X
(−χ) ◦ ϕ0 ωϕ1 ∧ · · · ∧ ωϕn ≤ Cχ max
0≤j≤n
[∫
X
(−χ) ◦ ϕj ωnϕj
]
.
In particular the class Eχ(X,ω) is starshaped and convex.
Proof. The proposition follows from the following inequality,
(12) 0 ≤
∫
X
(−χ) ◦ ϕ0 ωϕ1 ∧ · · · ∧ ωϕn ≤
4nM
εn[1− 2nεM ] max0≤j≤nEχ(ϕj).
The proof is identical to that of Proposition 2.10 except that Proposition 2.5
has to be replaced by Proposition 3.6, and the subadditivity and homogene-
ity of x ∈ R+ 7→ xp ∈ R+, 0 ≤ p ≤ 1, has to be replaced by the convexity
property of x ∈ R+ 7→ (−χ)(−x) ∈ R+, which yields
Eχ
(
ε
n∑
i=1
ϕi
)
≤ ε
n∑
i=1
∫
X
(−χ) ◦ ϕiωnu ,
for u := ε
∑n
i=1 and 0 < ε < [2nMχ]
−1. 
We now give a high-energy version of Lemma 2.11. Note that our proof of
Lemma 2.11 uses the full homogeneity of x 7→ xp. Let us say that a weight
χ ∈ W+ is quasi-homogeneous if there exists C,M ≥ 1 and 0 ≤ q < 1
such that for all 0 ≤ ε ≤ 1 and for all t ≤ −1,
0 ≤ C−1εM |χ(t)| ≤ |χ(εt)| ≤ CεM−q[χ(t)|.
The functions χp(t) = −(−t)p, p ≥ 1, belong toW+ and obviously satisfy
the previous condition. Here again we shall use the notation
Ep(X,ω) := Eχ(X,ω), when χ(t) = −(−t)p.
These classes have been studied in a local context by U.Cegrell [Ce 1]. They
are easier to understand thanks to the homogeneity property of the weight.
Lemma 3.9. Let χ ∈ W+M be a quasi-homogeneous weight and let µ be a
probability measure on X.
Then χ ◦ Eχ(X,ω) ⊂ L1(µ) if and only if there exists C > 0 such that for
all functions ϕ ∈ PSH(X,ω)∩L∞(X) normalized by supX ϕ = −1, one has
0 ≤
∫
X
(−χ) ◦ ϕdµ ≤ C
(∫
X
(−χ) ◦ ϕωnϕ
)γ
,
where 0 < γ :=M/(M − q + 1) < 1.
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The proof, in the same vein as that of Lemma 2.11, is left to the reader.
Example 3.10. The weight χ(t) = −(−t)p[log(e − t)]a ∈ W+,a > 0, is an
example of quasihomogeneous weight which is not homogeneous.
4. Range of the complex Monge-Ampe`re operator
We now turn to the central question of describing the range of the complex
Monge-Ampe`re operator on classes Eχ(X,ω), and on class E(X,ω).
An obvious necessary condition for solving the Monge-Ampe`re equation
(MA)µ (ω + dd
cϕ)n = µ,
is that µ should be a positive Radon measure of total mass
∫
X ω
n on X. For
simplicity we assume throughout the rest of this section that ω is a Ka¨hler
form, normalized by
∫
X ω
n = 1, and that µ is a probability measure.
4.1. The classes Eχ(X,ω). We fix here an increasing function χ : R− → R−
such that χ ∈ W− ∪W+M , M ≥ 1. It follows from Propositions 2.5 and 3.6
that if µ = (ω + ddcϕ)n for some function ϕ ∈ Eχ(X,ω), then
(Iχ) χ ◦ Eχ(X,ω) ⊂ L1(µ).
We now show that the converse is true under a quantitative version of (Iχ).
Theorem 4.1. Suppose there exists F : R+ → R+ with lim+∞ F (t)/t = 0,
such that for all ψ ∈ PSH(X,ω) ∩ L∞(X), supX ψ = −1,
(IIχ) 0 ≤
∫
X
(−χ) ◦ ψdµ ≤ F (Eχ(ψ)) .
Then there exists ϕ ∈ Eχ(X,ω) such that
µ = (ω + ddcϕ)n and sup
X
ϕ = 0.
It is an interesting problem to determine whether conditions (Iχ) and
(IIχ) are equivalent (obviously (IIχ) implies (Iχ)). This is the case when
χ(t) = −(−t)p, p > 0, thanks to Lemmas 2.11, 3.9, with F (t) = tp/(p+1).
Thus we obtain a complete characterization of the range of the Monge-
Ampe`re operator in this case (Theorem C in our introduction).
Theorem 4.2. Let µ be a probability measure on X and p > 0. There exists
ϕ ∈ Ep(X,ω) such that µ = (ω + ddcϕ)n if and only if Ep(X,ω) ⊂ Lp(µ).
The proof of Theorem 4.1 will occupy the rest of section 4.1. The proof
follows the lines of U.Cegrell’s one, in the local case [Ce 1]:
• We approximate µ by smooth probability volume forms µj using
local convolutions and a partition of unity.
• We invoke Yau’s solution of the Calabi conjecture to find uniquely
determined ω-psh functions ϕj such that µj = ω
n
ϕj , supX ϕj = −1.
• Since ω-psh functions ϕ normalized by supX ϕ = −1 form a compact
subset of L1(X), we can assume that ϕj → ϕ in L1(X).
• The quantitative integrability condition (IIχ) guarantees, at least
when χ(t) = t, supj
∫
(−χ)◦ϕj ωnϕj < +∞, hence yields ϕ ∈ Eχ(X,ω).
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• The delicate point is then to show that ωnϕj → ωnϕ. This is done
by showing that
∫ |ϕj − ϕ|dµj → 0 and invoking Proposition 2.8.
We need here to assume first that µ is suitably dominated by the
Monge-Ampe`re capacity (in the spirit of [K 1]).
• We then treat the general case by using a Radon-Nikodym decom-
position of the measure µ.
Here follow the technical details. Let µ be an arbitrary probability mea-
sure on X. Let {Ui} be a finite covering of X by open sets Ui which are
biholomorphic to the unit ball of Cn. In each Ui we let µ
Ui
ε := µ|Ui∗̺ε denote
local regularization of µ|Ui by means of convolution with radial nonnegative
smooth approximations ̺ε of the Dirac mass. Let {θi} be a partition of
unity subordinate to {Ui} and set
µj := cj
[∑
i
θiµ
Ui
εj + εjω
n
]
,
where εj ց 0 and cj ր 1 is chosen so that µj(X) = 1. Thus the µj ’s
are smooth probability volume forms which converge weakly towards µ. It
follows from the solution of the Calabi conjecture [Y], that there exists a
unique function ϕj ∈ PSH(X,ω) ∩ C∞(X) such that
µj = ω
n
ϕj and sup
X
ϕj = −1.
Recall from Proposition 1.7 in [GZ 1] that F := {ϕ ∈ PSH(X,ω) / supX ϕ =
−1} is a compact subset of L1(X). Passing to a subsequence if necessary,
we can therefore assume ϕj → ϕ in L1(X), where ϕ ∈ PSH(X,ω) with
supX ϕ = −1.
Lemma 4.3. There exists C > 1 such that for all j ∈ N,∫
X
(−ϕj)ωnϕj ≤ C
∫
X
(−ϕj) dµ.
If E1(X,ω) ⊂ L1(µ), then supj
∫
X(−ϕj)ωnϕj < +∞, hence ϕ ∈ E1(X,ω).
Proof. Since cj → 1 and εj → 0, we can write∫
X
(−ϕj)ωnϕj =
∑
i
∫
X
θi(−ϕj) dµUiεj + o(1),
where ∫
X
θi(−ϕj) dµUiεj ≤
∫
Ui
(−ϕj ∗ ̺εj)dµ.
Now ϕj = u
i
j − γi in Ui, where γi is a smooth local potential of ω in Ui and
uij is psh in Ui. Therefore −uij ∗̺εj ≤ −uij , while γi ∗̺εj converges uniformly
towards γi. We infer∫
Ui
(−ϕj ∗ ̺εj )dµ ≤
∫
Ui
(−ϕj)dµ + o(1)
hence ∫
(−ϕj) dµj =
∫
(−ϕj)ωnϕj ≤ C
∫
(−ϕj) dµ.
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When E1(X,ω) ⊂ L1(µ), it follows from Lemma 2.11 (case p = 1) that∫
X
(−ϕj)ωnϕj ≤ C ′
(∫
X
(−ϕj)ωnϕj
)1/2
,
hence supj
∫
X(−ϕj)ωnϕj ≤ (C ′)2 < +∞. Thus ϕ ∈ E1(X,ω). 
We now would like to apply Proposition 2.8 to insure that µ = ωnϕ. For this
we first assume that µ belongs to the compact convex setMA of probability
measures ν on X which satisfy
ν(K) ≤ ACapω(K), for all Borel set K ⊂ X.
Here A > 0 is a fixed constant.
Lemma 4.4. Assume µ ∈ MA, then∫
X
ϕjdµ→
∫
X
ϕdµ and
∫
X
|ϕj − ϕ|dµj → 0.
Proof. When the ϕj ’s are uniformly bounded, the first convergence follows
from standard arguments (see [Ce 1]). Set
ϕ
(k)
j := max(ϕj ,−k) and ϕ(k) := max(ϕ,−k).
We will be done with the first convergence if we can show that
∫ |ϕ(k)j −
ϕj |dµ→ 0 uniformly in j as k → +∞. This is where we use our assumption
on µ, since∫
X
|ϕ(k)j − ϕj |dµ ≤ 2
∫
(ϕj<−k)
(−ϕj)dµ ≤ 2√
k
∫
X
(−ϕj)3/2 dµ ≤ C√
k
.
Indeed Proposition 5.3 shows that E1(X,ω) ⊂ L1(µ), hence supj
∫
X(−ϕj)ωnϕj <
+∞ by previous Lemma. Moreover∫
X
(−ϕj)3/2dµ = 1+3
2
∫ +∞
1
√
tµ(ϕj < −t)dt ≤ 1+3A
2
∫ +∞
1
√
tCapω(ϕj < −t)dt.
It follows now from Lemma 5.1 that
Capω(ϕj < −t) ≤ C ′t−2
∫
X
(−ϕj)ωnϕj ≤ C ′′t−2,
which proves that
∫
X(−ϕj)3/2dµ is uniformly bounded from above.
It remains to prove a similar convergence when µ is replaced by µj. It
actually suffices to consider the case of measures µUj := µ|U ∗ ̺εj . Now∫
U
|ϕj − ϕ|dµUj =
∫
U
(∫
U
|uj(ζ)− u(ζ)|̺εj (z − ζ)dλ(ζ)
)
dµ(z),
where as above, uj, u are psh functions in U such that ϕj = uj − γ and
ϕ = u−γ in U , γ is a local potential of ω in U and dλ denotes the Lebesgue
measure in U . The lemma will be proved if we can show that
∫
wjdµ → 0,
where
wj(z) :=
∫
U
|uj(ζ)− u(ζ)|̺εj (z − ζ)dλ(ζ).
Define u˜j := (supk≥j uk)
∗. This is a sequence of psh functions in U which
decrease towards u. Observe that u˜j ≥ max(u, uj) so that
wj ≤ 2u˜j ∗ ̺εj − u ∗ ̺εj − uj ∗ ̺εj ≤ 2(u˜j ∗ ̺εj − u) + (ϕ− ϕj).
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It follows from the monotone convergence theorem that
∫
(u˜j∗̺εj−u)dµ→ 0,
while
∫
(ϕj − ϕ)dµ → 0 by the first part of lemma. Therefore
∫
wjdµ → 0
and we are done. 
What we have shown so far is that for any measure ν ∈ MA, A > 0, there
exists a unique ϕ ∈ E1(X,ω) such that ν = (ω + ddcϕ)n and supX ϕ = −1.
We now proceed with the proof of Theorem 4.1. For this we need the
following observation:
Lemma 4.5. Let µ be a probability measure which does not charge pluripolar
sets. Then there exists u ∈ PSH(X,ω) ∩ L∞(X) and 0 ≤ f ∈ L1(ωnu) such
that µ = f(ω + ddcu)n.
Proof. Recall thatM1 is a compact convex subset of the set of all probability
measures on X. Let µ be a probability measure which does not charge
pluripolar sets. It follows from a generalization of Radon-Nikodym theorem
[R] that
µ = f1ν + σ, where ν ∈ M1, 0 ≤ f1 ∈ L1(ν), and σ ⊥M1.
Now σ is carried by a pluripolar set since M1 contains all measures ωnu ,
0 ≤ u ≤ 1, hence σ = 0. By our previous analysis, ν = (ω + ddcv)n, where
v ∈ E1(X,ω), supX v = 0. Set u := exp v. This is again a ω-psh function
since
ωu = e
vωv + [1− ev]ω + evdv ∧ dcv ≥ evωv ≥ 0.
Observe that 0 ≤ u ≤ 1 and ωnu ≥ envωnv , thus µ is absolutely continuous
with respect to ωnu . 
We now go on with the proof of Theorem 4.1. Let µ be a probability
measure which satisfies (II)χ. Then µ does not charge pluripolar sets, hence
it writes µ = fωnu , where u ∈ PSH(X,ω) ∩ L∞(X) is so that 0 ≤ u ≤ 1.
Consider
µj := δj min(f, j)(ω + dd
cu)n,
where δj ց 1 so that µj(X) = 1. Note that
µj ≤ jδjCapω, since 0 ≤ u ≤ 1,
thus µj ∈Mjδj . It follows therefore from previous analysis that there exists
a unique ϕj ∈ E1(X,ω) with supX ϕj = −1 and µj = ωnϕj . We can assume
ϕj → ϕ in L1(X) and δj ≤ 2.
Suppose first that χ ∈ W−, so that ϕj ∈ Eχ(X,ω) ⊃ E1(X,ω). It follows
from Theorem 2.6 that (IIχ) can be applied to the functions ϕj , hence∫
(−χ) ◦ ϕj ωnϕj ≤ δj
∫
(−χ ◦ ϕj)dµ ≤ 2CF
(∫
X
(−χ) ◦ ϕj ωnϕj
)
.
Thus supj Eχ(ϕj) < +∞, hence ϕ ∈ Eχ(X,ω) by Corollary 2.7. We set
Φj := (sup
k≥j
ϕk)
∗ and Fj := inf
k≥j
δkmin(f, k).
Clearly Φj ∈ Eχ(X,ω) with Φj ց ϕ and Fj ր f . It follows therefore from
Corollary 1.10 that
ωnΦj ≥ Fjν.
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We infer ωnϕ ≥ µ, whence equality since these are both probability measures.
Thus the proof of Theorem 4.1 is complete when χ ∈ W−.
Assume now χ ∈ W+M . We can apply previous reasoning if we can show
that ϕj ∈ Eχ(X,ω) for all j. This is the case, as we claim that the ϕj ’s
actually belong to Ep(X,ω) for all p ≥ 1. Indeed recall that
µj = (ω + dd
cϕj)
n ≤ jδj(ω + ddcu)n ≤ AjCapω,
hence µj ∈ MAj . Observe that for all p ≥ 1,
(∗) Ep(X,ω) ⊂ Lp+1/2(ν), for all ν ∈MA.
This has been established when p = 1 in the proof of Lemma 4.4. Since ϕj ∈
E1(X,ω) and µj = (ω+ddcϕj)n ∈ MAj , we infer ϕj ∈ L3/2([ω+ddcϕj ]n), i.e.
ϕj ∈ E3/2(X,ω). We can thus use (∗) inductively to obtain ϕj ∈ ∩pEp(X,ω).
The proof of Theorems 4.1 and 4.2 is now complete.
4.2. Non pluripolar measures. We now describe the range of the complex
Monge-Ampe`re operator on the class E(X,ω) (Theorem A).
Theorem 4.6. There exists ϕ ∈ E(X,ω) such that µ = (ω + ddcϕ)n if and
only if µ does not charge pluripolar sets.
Proof. One implication is obvious. Namely if µ = (ω + ddcϕ)n for some
function ϕ ∈ E(X,ω), then µ does not charge pluripolar sets, as follows
from Theorem 1.3.
Assume now that µ does not charge pluripolar sets. It follows from Lemma
4.5 that we can find u ∈ PSH(X,ω) ∩ L∞(X) and 0 ≤ f ∈ L1(ωnu) such
that µ = fωnu . Set
µj := cj min(f, j)ω
n
u ,
where cj ց 1 is such that µj(X) = µ(X) = 1. We can assume without loss
of generality that 1 ≤ cj ≤ 2.
It follows from Chern-Levine-Nirenberg inequalities (see Proposition 3.1
in [GZ 1]) that E1(X,ω) ⊂ PSH(X,ω) ⊂ L1(µj), because µj ≤ 2jωnu and u
is bounded. Thus by Theorem 4.2, case p = 1, there exists a unique function
ϕj ∈ E1(X,ω) such that
µj = (ω + dd
cϕj)
n and sup
X
ϕj = 0.
Passing to a subsequence if necessary, we can assume ϕj → ϕ in L1(X), for
some function ϕ ∈ PSH(X,ω) such that supX ϕ = 0.
We claim that ϕ ∈ Eχ(X,ω) for some χ ∈ W−, and that µ = (ω+ddcϕ)n.
The function χ is defined as follows. Let γ : R+ → R+ be a convex increasing
function with limz→+∞ γ(z)/z = +∞ such that γ ◦f still belongs to L1(ωnu)
(see [RR] for the construction of γ). Let γ∗ be the Young-conjugate function
of γ,
γ∗ : z ∈ R+ 7→ sup{zy − γ(y) / y ∈ R+} ∈ R+,
and set χ(t) := −(γ∗)−1(−t): this is a convex increasing function such that
χ(−∞) = −∞, which satisfies
(13) (−χ)(−t) · f(x) ≤ −t+ γ ◦ f(x), for all (t, x) ∈ R− ×X,
since zy ≤ γ∗(z) + γ(y) for all z, y ∈ R+.
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Note that we can assume χ(0) = 0 without loss of generality, by imposing
γ(0) = 0. Applying (13) with t = ϕj(x) and averaging against ω
n
u , we infer
0 ≤
∫
X
(−χ) ◦ ϕj ωnϕj ≤ 2
∫
X
(−χ) ◦ ϕj fωnu ≤ 2
∫
X
(−ϕj)ωnu + 2
∫
X
γ ◦ f ωnu .
Again it follows from Chern-Levine-Nirenberg inequalities that
∫
X(−ϕj)ωnu
is uniformly bounded from above, because u and
∫
X(−ϕj)ωn are bounded.
Thus the sequence of integrals (
∫
X(−χ) ◦ ϕj ωnϕj) is bounded.
Set φj := (supl≥j ϕl)
∗ ∈ E1(X,ω). It follows from Corollary 1.10 that
ωnφj ≥ infl≥j ω
n
ϕl
≥ min(f, j)ωnu .
The sequence (φj) decreases towards ϕ and satisfies ϕj ≤ φj ≤ 0, hence by
the fundamental inequality,
0 ≤
∫
X
(−χ) ◦ φj ωnφj ≤ 2n
∫
X
(−χ) ◦ ϕj ωnϕj ≤M0 < +∞.
Therefore ϕ ∈ Eχ(X,ω) and
ωnϕ = lim
j→+∞
ωnφj ≥ limj→+∞min(f, j)ω
n
u = µ.
Since µ and ωnϕ are both probability measures, this actually yields equality,
hence the proof is complete. 
Remark 4.7. Note that when µ = fωn is a measure with density 0 ≤ f
such that f log f ∈ L1(ωn), our proof shows that µ = (ω + ddcϕ)n with
ϕ ∈ Eχ(X,ω), for χ(t) = − log(1 − t) (this is a critical case in the Orlicz
classes considered by S.Kolodziej [K 1]).
5. Examples and Applications
5.1. Capacity of sublevel sets. Recall that the Monge-Ampe`re capacity
associated to ω is defined by
Capω(K) := sup
{∫
K
ωnu /u ∈ PSH(X,ω), 0 ≤ u ≤ 1
}
,
where K is any Borel subset of X. This capacity vanishes on pluripolar
sets, more precisely Capω(ϕ < −t) ≤ Cϕ/t for every fixed ω-psh function
ϕ. This estimate is sharp in the sense that Capω(ϕ < −t) ≥ C ′ϕ/t when ωϕ
is the current of integration along a hypersurface. However when ϕ belongs
to Eχ(X,ω), one can establish finer estimates as our next result shows.
Lemma 5.1. Fix χ ∈ W− ∪W+M , M ≥ 1. If ϕ ∈ Eχ(X,ω), then
∃Cϕ > 0,∀t > 1, Capω(ϕ < −t) ≤ Cϕ|t χ(−t)|−1.
Conversely if there exists Cϕ, ε > 0 such that for all t > 1,
Capω(ϕ < −t) ≤ Cϕ|tn+ε χ(−t)|−1,
then ϕ ∈ Eχ(X,ω).
The proof relies on the comparison principle, as it was used in different
contexts by U.Cegrell and S.Kolodziej (see [Ce 1], [K 1], [CKZ]).
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Proof. Fix ϕ ∈ Eχ(X,ω), ϕ ≤ −1 and u ∈ PSH(X,ω) with −1 ≤ u ≤ 0.
For t ≥ 1, observe that ϕ/t ∈ E(X,ω) and (ϕ < −2t) ⊂ (ϕ/t < u − 1) ⊂
(ϕ < −t). It therefore follows from the comparison principle that∫
(ϕ<−2t)
(ω + ddcu)n ≤
∫
(ϕ<−t)
(ω + t−1ddcϕ)n
≤
∫
(ϕ<−t)
ωn + t−1
n∑
j=1
(
n
j
)∫
(ϕ<−t)
ωjϕ ∧ ωn−j .
Recall now that V olω(ϕ < −t) decreases exponentially fast [GZ 1], and
observe that for all 1 ≤ j ≤ n,∫
(ϕ<−t)
ωjϕ ∧ ωn−j ≤
1
|χ(−t)|
∫
X
(−χ) ◦ ϕωjϕ ∧ ωn−j ≤
1
|χ(−t)|Eχ(ϕ).
This yields our first assertion.
The second assertion follows from similar considerations. Namely for ϕ ∈
PSH(X,ω), ϕ ≤ −1, set ϕt := max(ϕ,−t). Then u = ϕt/t ∈ PSH(X,ω)
with −1 ≤ u ≤ 0 for all t ≥ 1. Since ωnu ≥ t−nωnϕt , we infer
t−nωnϕt(ϕ < −t) ≤ ωnu(ϕ < −t) ≤ Capω(ϕ < −t).
If Capω(ϕ < −t) ≤ Ct−n−ε|χ(−t)|−1, this shows that ωϕt(ϕ < −t) → 0,
hence ϕ ∈ E(X,ω). Moreover
ωnϕ(ϕ ≤ −t) =
∫
X
ωn − ωnϕ(ϕ > −t) =
∫
X
ωn − ωnϕt(ϕ > −t) = ωnϕt(ϕ ≤ −t)
thus ωnϕ(ϕ ≤ −t) ≤ Ct−ε|χ(−t)|−1. This yields∫
X
(−χ)◦ϕωnϕ =
∫ +∞
1
χ′(−t)ωnϕ(ϕ < −t)dt ≤ Cϕ
∫ +∞
1
tχ′(−t)
|χ(−t)|
1
t1+ε
dt < +∞,
so that ϕ ∈ Eχ(X,ω). 
These estimates allow us to give several examples of functions which be-
long to the classes Eχ(X,ω). We simply mention the following ones:
Example 5.2. Let ϕ be any ω-plurisubharmonic function such that ϕ ≤ 0.
Then ψ := − log(1− ϕ) = χ ◦ ϕ ∈ PSH(X,ω) since
ddcχ ◦ ϕ = χ” ◦ ϕdϕ ∧ dcϕ+ χ′ ◦ ϕddcϕ
and χ ∈ W− with χ′(t) ≤ 1 when t ≤ 0.
Observe that the capacity of the sets (ψ < −t) decrease exponentially fast,
thus ψ ∈ ∩p≥1Ep(X,ω) (Lemma 5.1). Together with Theorem 7.2 in [GZ 1],
this shows that Ep(X,ω) characterizes pluripolar sets (for any p ≥ 1).
We now want to give some example of probability measures that satisfy
the assumptions of Theorems 4.1, 4.2, 4.6.
When µ = fωn has density f ∈ Lr(X), r > 1, S.Kolodziej has proved
[K 1] that µ = ωnψ for some bounded ω-psh function ψ. This is because µ is
strongly dominated by Capω in this case (see Proposition 5.3 below). When
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the density is only in L1, this does not hold. Consider for instance µ = fωn,
where f ∈ C∞(X \ {a}) is such that
f(z) ≃ 1||z||4(− log ||z||)2 − 1
near the point a = 0, in a local chart. Observe that
ϕ(z) := εχ(z) log ||z|| ∈ PSH(X,ω)
if χ is a cut-off function so that χ ≡ 1 near a = 0, and ε > 0 is small enough.
Now ϕ /∈ L1(µ) but still E1(X,ω) ⊂ L1(µ), as follows from Proposition 5.3
below, thus there exists ψ ∈ E1(X,ω) such that µ = ωnψ (Theorem 4.2).
Observe also that there are measures µ = fωn with L1-density such that
E1(X,ω) 6⊂ L1(µ): one can consider for instance fε that looks locally near
a = 0 like [||z||4(− log ||z||)1+ε]−1, for ε > 0 small enough. However this
measure µ does not charge pluripolar sets, hence is a Monge-Ampe`re measure
of some function ϕ ∈ Eχ(X,ω), χ ∈ W− with slower growth.
Proposition 5.3. Let µ be a probability measure on X.
Assume there exists α > p/(p + 1) and A > 0 such that
(14) µ(E) ≤ ACapω(E)α,
for all Borel sets E ⊂ X. Then Ep(X,ω) ⊂ Lp(µ).
Conversely assume Ep(X,ω) ⊂ Lp(µ), p > 1. Then there exists 0 < α < 1
and A > 0 such that (14) is satisfied.
Proof. We can assume w.l.o.g. that α < 1. Let ϕ ∈ Ep(X,ω) with supX ϕ =
−1. It follows from Ho¨lder inequality that
0 ≤
∫
X
(−ϕ)pdµ = 1 + p
∫ +∞
1
tp−1µ(ϕ < −t)dt
≤ 1 + pA
∫ +∞
1
tp−1 [Capω(ϕ < −t)]α dt
≤ 1 + pA
[∫ +∞
1
t
p−α(p+1)
1−α
−1dt
]1−α
·
[∫ +∞
1
tpCapω(ϕ < −t)dt
]α
.
The first integral in the last line converges since p − α(p + 1) < 0 and it
follows from the proof of Lemma 5.1 that the last one is bounded from above
by Cp,α
(∫
(−ϕ)pωnϕ
)α
. Therefore Ep(X,ω) ⊂ Lp(µ).
Assume conversely that Ep(X,ω) ⊂ Lp(µ). It follows from Theorem 4.2
that µ = ωnψ for some function ψ ∈ Ep(X,ω) such that supX ψ = −1. We
claim then that there exists γp ∈]0, 1[ and A > 0 such that for all functions
ϕ ∈ PSH(X,ω) with −1 ≤ ϕ ≤ 0, one has
(15) 0 ≤
∫
X
(−ϕ)pωnψ ≤ A
[∫
X
(−ϕ)pωnϕ
]γp
.
We leave the proof of this claim to the reader (the exponent γp = (1−1/p)n
would do). We apply now (15) to the extremal function ϕ = h∗E,ω introduced
in [GZ 1]. It follows from Theorem 3.2 in [GZ 1] that
0 ≤ µ(E) ≤
∫
X
(−h∗E,ω)pdµ ≤ ACapω(E)γp .
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
This proposition allows to produce several examples of measures satisfying
Ep(X,ω) ⊂ Lp(µ) as in the local theory (see [K 1], [Z]). It can also be used,
together with Theorem 4.2, to prove that functions from the local classes of
Cegrell Er(Ω), Ω a bounded hyperconvex domain of Cn, can be sub-extended
as global functions ϕ ∈ Ep(Pn, AωFS), for all p < r/n and some A > 0 (see
[CKZ] for similar results).
5.2. Complex dynamics.
5.2.1. Large topological degree. Let f : X → X be a meromorphic endo-
morphism whose topological degree dt(f) is large in the sense that dt(f) >
rk−1(f), where rk−1(f) denotes the spectral radius of the linear action in-
duced by f∗ on Hk−1,k−1(X,R). In this case there exists a unique invariant
measure µf of maximal entropy which can be decomposed as
µf := Θ + dd
c(T ),
as was proved by the first author in [G]. Here Θ is a smooth probability
measure and T ≥ 0 is a positive current of bidegree (k − 1, k − 1). In
particular
E1(X,ω) ⊂ PSH(X,ω) ⊂ L1(µ),
as follows from Stokes theorem (see Theorem 2.1 in [G] and Example 2.8
in [GZ 1]). Here ω denotes any fixed Ka¨hler form on X, normalized by∫
X ω
n = µ(X) = 1. It follows therefore from Theorem 4.2 and Theorem 3.3
that there exists a unique function gf ∈ E1(X,ω) such that supX gf = −1
and
µf = (ω + dd
cgf )
k.
It is an interesting problem to establish further regularity properties of gf
in order for example to estimate the pointwise dimension of the measure
µf . When f : P
n → Pn is an holomorphic endomorphism of the complex
projective space X = Pn, it is known [S] that gf is an Ho¨lder-continuous
function.
5.2.2. Small topological degree. Let T be a positive closed current of bidegree
(p, p) on X. Let ω denote a positive closed (1, 1) current with bounded
potentials, and such that
∫
X T ∧ ωn−p > 0. Note that the wedge product
T ∧ ωn−p is a well defined positive Radon measure because ω has bounded
potentials [BT 3]. Fix χ ∈ W−.
Definition 5.4. We let Eχ(T, ω) denote the class of ω-psh functions with
finite χ-energy with respect to T . This is the set of function ϕ ∈ PSH(X,ω)
for which there exists a sequence ϕj ∈ PSH(X,ω) ∩ L∞(X) such that
ϕj ց ϕ and sup
j
∫
X
|χ ◦ (ϕj − sup
X
ϕj)|T ∧ (ω + ddcϕj)n−p < +∞.
When T = [X] is the current of integration on X (p = 0), this is the same
notion as that of Definition 1.1. We let the reader check that the following
properties hold, with the same proof as in the case T = [X]:
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(1) ∀ϕ,ψ ∈ PSH(X,ω) ∩ L∞(X), ϕ ≤ ψ ≤ 0 implies
0 ≤
∫
X
(−χ) ◦ ψ ωn−pψ ∧ T ≤ 2n−p
∫
X
(−χ) ◦ ϕωn−pϕ ∧ T ;
(2) the operator ωn−pϕ ∧ T is well defined on Eχ(T, ω) and continuous
under decreasing sequences;
(3) the function χ ◦ ϕ is integrable with respect to the positive Radon
measure ωn−pϕ ∧ T .
This is of great interest in the dynamical study of meromorphic endomor-
phisms. Assume for instance that f : X → X is a meromorphic endomor-
phism of some compact ka¨hler surface X (n = 2), whose topological degree
is smaller than the first dynamical degree λ = λ1(f) := limj→+∞[r1(f
j)]1/j ,
where r1(f) denotes the spectral radius of the linear action induced by f
∗
on H1,1(X,R) (see [DF]). When f is 1-stable (i.e. when the iterates f j of f
do not contract any curve into the indeterminacy locus If of f), it is known
that
1
λj
(f j)∗ω+ −→ T+ = ω+ + ddcg+,
where ω+ is a positive closed (1, 1)-current with bounded potentials, whose
cohomology class is f∗-invariant, and T+ is a canonical f∗-invariant positive
current, f∗T+ = λT+ (see [DDG]). Similarly
1
λj
(f j)∗ω
− −→ T− = ω− + ddcg−,
where ω− is a positive closed (1, 1)-current with bounded potentials, whose
cohomology class is f∗-invariant, and T
− is the canonical f∗-invariant posi-
tive current, f∗T
− = λT− (see [DDG]).
It is a difficult and important question to define the dynamical wedge
product T+ ∧ T−: this product is expected to yield the unique measure
of maximal entropy. When g+ ∈ Eχ(T−, ω+), one can use our ideas above
and show that not only is the measure µf = T
+ ∧ T− well defined, but
also χ ◦ g+ ∈ L1(µf ). In particular the measure µf does not charge the set
(g+ = −∞). This has several interesting dynamical consequences, as shown
in the paper [DDG] to which we refer the reader. Note that when χ(t) = t,
this condition was introduced and extensively studied by E.Bedford and
J.Diller in [BD]: in this case the functions g+, g− have necessarily gradients in
L2(X). Our weaker condition allows us to handle functions whose gradient
does not necessarily belong to L2(X), as already noted above (Example
2.14).
To illustrate these ideas we now consider the special case where X = P2 is
the complex projective plane equipped with the Fubini-Study Ka¨hler form
ω, and f : P2 → P2 is a 1-stable birational map (dt(f) = 1), with λ1(f) > 1.
The invariant currents write T± = ω + ddcg±, where g± ∈ PSH(X,ω).
The functions g+, g− do not belong to the class E(P2, ω) because they have
positive Lelong numbers at points of indeterminacy of the mappings fn,
n ∈ Z, however we have the following result.
Proposition 5.5. If g+ ∈ E1(T−, ω) then g := max(g+, g−) ∈ E1(P2, ω).
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Proof. We can assume without loss of generality that g+, g− ≤ 0, hence g ≤
0. The Bedford-Diller condition g+ ∈ E1(T−, ω) implies that ∇g+,∇g− ∈
L2(P2), hence ∇g ∈ L2(P2) and the complex Monge-Ampe`re measure (ω +
ddcg)2 is well defined (see [BT 2] and [BD]). Now
0 ≤
∫
X
(−g)ω2g ≤
∫
X
(−g+)ω2g =
∫
(−g+)ω ∧ ωg +
∫
X
(−g+)ddcg ∧ ωg.
It follows from Cauchy-Schwarz inequality that the first integral in the RHS
is finite. We can bound the last one from above by using Stokes theorem,∫
X
(−g+)ddcg ∧ ωg =
∫
X
(−g)ddcg+ ∧ ωg ≤
∫
X
(−g)ωg+ ∧ ωg.
Now ∫
X
(−g)ωg+ ∧ ωg ≤
∫
X
(−g−)ωg+ ∧ ωg
=
∫
X
(−g−)ωg+ ∧ ω +
∫
X
(−g−)ωg+ ∧ ddcg
≤ O(1) +
∫
X
(−g)ωg+ ∧ ωg−
≤ O(1) +
∫
X
(−g+)ωg+ ∧ T− < +∞,
the last integral being finite because g+ ∈ E1(T−, ω). 
It is an interesting problem to determine whether µf = (ω+ dd
cg)2. This
is the case when e.g. f is a complex He´non mapping, and it would imply –
by Theorem 4.2 – that E1(P2, ω) ⊂ L1(µf ), hence in particular µf does not
charge pluripolar sets.
5.3. Singular Ka¨hler-Einstein metrics. It is well-known that solving
Monge-Ampe`re equations
[MA](X,ω, µ) (ω + ddcϕ)n = µ
is a way to produce Ka¨hler-Einstein metrics (see [Ca], [A], [Y], [T], [K 1]).
In the classical case, the measure µ = fωn admits a smooth density f > 0.
When the ambient manifold has some singularities (which is often the case in
dimension ≥ 3), one has to allow the equation [MA](X,ω, µ) to degenerate
in two different ways: resolving the singularities π : X˜ → X of X yields a
new equation [MA](X˜, ω˜, µ˜), where
(1) {ω˜} = {π∗ω} is a semi-positive and big class (one looses strict posi-
tivity along the exceptional locus Epi);
(2) µ˜ = f˜ ω˜n is a measure with density 0 ≤ f˜ ∈ Lp, p > 1, which may
have zeroes and poles along some components of Epi.
In this paper we have focused on the second type of degeneracy. We would
like to mention that our techniques are supple enough so that we can produce
solutions ϕ ∈ Eχ(X˜, ω˜) to the Monge-Ampe`re equations [MA](X˜, ω˜, µ˜), even
when {ω˜} is merely big and semi-positive rather than Ka¨hler, as was assumed
for simplicity throughout section 4. This is done by perturbing the form ω˜,
adding small mutliples of a Ka¨hler form Ω, ωj := ω˜ + εjΩ, and trying to
understand what happens at the limit.
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An elementary but crucial observation here is that classes Eχ(X,ω) have
good stability properties in the following sense.
Proposition 5.6. Fix χ ∈ W :=W− ∪W+M , M ≥ 1. Let ωj be a sequence
of positive closed (1, 1)-currents with bounded potentials, that decrease to-
wards ω, another current with bounded potentials. Assume ϕj ∈ Eχ(X,ωj)
decreases towards ϕ pointwise and supj
∫
X |χ(|ϕj |)|(ωj + ddcϕj)n < +∞.
Then ϕ ∈ Eχ(X,ω) and (ωj + ddcϕj)n → (ω + ddcϕ)n.
Proof. We can assume without loss of generality that ϕ ≤ ϕj ≤ 0. Set
ϕKj := max(ϕj ,−K) and ϕK := max(ϕ,−K).
It follows from the fundamental inequalities that the (χ, ωj)-energy of the
functions ϕKj is uniformly bounded independently of both j and K.
Let ν be any cluster point of the bounded sequence of positive measures
νj := (−χ) ◦ ϕKj (ωj + ddcϕKj )n. Observe that (ωj + ddcϕKj )n → (ω +
ddcϕK)n as j → +∞, since ϕKj decreases towards ϕK and these functions
are uniformly bounded [BT 3]. It follows therefore from the upper-semi-
continuity of ϕK that
0 ≤ (−χ) ◦ ϕK (ω + ddcϕK)n ≤ ν.
In particular Eχ(ϕ
K) is bounded from above by ν(X), hence ϕ ∈ Eχ(X,ω)
by Corollary 2.4.
The convergence of (ωj +dd
cϕj)
n towards (ω+ddcϕ)n follows again from
the fact that (ωj + dd
cϕKj )
n− (ωj + ddcϕj)n converges towards zero as K →
+∞, uniformly with respect to j. 
We refer the reader to [EGZ] for an application to the construction of
Ka¨hler-Einstein metrics on canonical/minimal models in the sense of Mori.
References
A T.AUBIN: E´quations du type Monge-Ampe`re sur les varie´te´s ka¨hle´riennes
compactes. Bull. Sci. Math. (2) 102 (1978), no. 1, 63–95.
BD E.BEDFORD & J.DILLER: Energy and Invariant Measures for Birational
Surface Maps. Duke Math. J. 128 (2005), no. 2, 331–368.
BT 1 E.BEDFORD & B.A.TAYLOR: The Dirichlet problem for a complex Monge-
Ampe`re equation. Invent. Math. 37 (1976), no. 1, 1–44.
BT 2 E.BEDFORD & B.A.TAYLOR: Variational properties of the complex
Monge-Ampe`re equation. I. Dirichlet principle. Duke Math. J. 45 (1978),
no. 2, 375–403.
BT 3 E.BEDFORD & B.A.TAYLOR: A new capacity for plurisubharmonic func-
tions. Acta Math. 149 (1982), no. 1-2, 1–40.
BT 4 E.BEDFORD & B.A.TAYLOR: Fine topology, Silov boundary, and (ddc)n.
J. Funct. Anal. 72 (1987), no. 2, 225–251.
Bl 1 Z.BLOCKI: Uniqueness and stability for the Monge-Ampe`re equation on
compact Kaehler manifolds. Indiana Univ. Math. J. 52 (2003), no. 6, 1697–
1701.
Bl 2 Z.BLOCKI: On the definition of the Monge-Ampe`re operator in C2. Math.
Ann. 328 (2004), no 3, 415-423.
Bl 3 Z.BLOCKI: The domain of definition of the complex Monge-Ampe`re opera-
tor. Amer. J. Math. 128 (2006), no. 2, 519–530.
Ca E.CALABI: On Ka¨hler manifolds with vanishing canonical class. Algebraic
geometry and topology. A symposium in honor of S. Lefschetz, pp. 78–89.
Princeton Univ. Press, Princeton, N. J. (1957).
34 VINCENT GUEDJ & AHMED ZERIAHI
Ce 1 U.CEGRELL: Pluricomplex energy. Acta Math. 180 (1998), no. 2, 187–217.
Ce 2 U.CEGRELL: The general definition of the complex Monge-Ampe`re opera-
tor. Ann. Inst. Fourier (Grenoble) 54 (2004), no. 1, 159–179.
CKZ U.CEGRELL & S.KOLODZIEJ & A.ZERIAHI: Subextension of plurisub-
harmonic functions with weak singularities. Math. Z. 250 (2005), no. 1,
7–22.
Dem J.-P.DEMAILLY: Monge-Ampe`re operators, Lelong numbers and intersec-
tion theory. Complex analysis and geometry, 115–193, Univ. Ser. Math.,
Plenum, New York (1993).
DP J.-P.DEMAILLY & M.PAUN: Numerical characterization of the Ka¨hler cone
of a compact Ka¨hler manifold. Annals of Math. (2) 159 (2004), no. 3, 1247–
1274.
DDG J.DILLER & R.DUJARDIN & V.GUEDJ: Dynamics of rational endomor-
phisms of projective surfaces. Preprint (2006).
DF J.DILLER & C.FAVRE: Dynamics of bimeromorphic maps of surfaces.
Amer. J. Math. 123 (2001), no. 6, 1135–1169.
EGZ P.EYSSIDIEUX & V.GUEDJ & A.ZERIAHI: Singular Ka¨hler-Einstein met-
rics. Preprint arXiv math.AG/0603431.
G V.GUEDJ: Ergodic properties of rational mappings with large topological
degree. Annals of Math. (2) 161 (2005), no. 3, 1684-1703.
GZ 1 V.GUEDJ & A.ZERIAHI: Intrinsic capacities on compact Ka¨hler manifolds.
J. Geom. Anal. 15 (2005), no. 4, 607-639.
GZ 2 V.GUEDJ & A.ZERIAHI: Monge-Ampe`re operators on compact Ka¨hler
manifolds. Preprint arXiv math.CV/0504234.
Ho¨ L.HO¨RMANDER: Notions of convexity, Birkha¨user (1994).
K 1 S.KOLODZIEJ: The complex Monge-Ampe`re equation. Acta Math. 180
(1998), no. 1, 69–117.
K 2 S.KOLODZIEJ: The Monge-Ampe`re equation on compact Ka¨hler manifolds.
Indiana Univ. Math. J. 52 (2003), no. 3, 667–686
R J.RAINWATER: A note on the preceding paper. Duke Math. J. 36 (1969)
799–800.
RR M.M.RAO & Z.D.REN: Theory of Orlicz spaces. Monographs and Textbooks
in Pure and Applied Mathematics, 146. Marcel Dekker, Inc., New York
(1991), xii+449 pp.
S N.SIBONY: Dynamique des applications rationnelles de Pk. Dynamique et
ge´ome´trie complexes (Lyon, 1997), ix–x, xi–xii, 97–185, Panor. Synthe`ses, 8,
Soc. Math. France, Paris, 1999.
T G.TIAN: Canonical metrics in Ka¨hler geometry. Lectures in Mathematics
ETH Zu¨rich. Birkha¨user Verlag, Basel (2000).
X Y.XING: Continuity of the complex Monge-Ampe`re operator. Proc. Amer.
Math. Soc. 124 (1996), no. 2, 457–467.
Y S.T.YAU: On the Ricci curvature of a compact Ka¨hler manifold and the
complex Monge-Ampe`re equation. I. Comm. Pure Appl. Math. 31 (1978),
no. 3, 339–411.
Z A.ZERIAHI: The size of plurisubharmonic lemniscates in terms of Hausdorff-
Riesz measures and capacities. Proc. London Math. Soc. (3) 89 (2004), no.
1, 104–122.
Vincent Guedj & Ahmed Zeriahi
Laboratoire Emile Picard
UMR 5580, Universite´ Paul Sabatier
118 route de Narbonne
31062 TOULOUSE Cedex 04 (FRANCE)
guedj@picard.ups-tlse.fr
zeriahi@picard.ups-tlse.fr
